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1 Introduction

In the course of long years potential theory was considered as one part of math-
ematical physics. However, as a result of long-term two century development
this theory became a vast independent field research, enriched by a whole series
of new direction. At present concepts and methods of potential theory are ap-
plied not only in mathematical physics, but also in function theory, functional
analysis, probability theory and harmonic analysis.

The significant applications in function theory and harmonic analysis be-
long to Riesz potentials. General direction of researches of Riesz potentials in
function theory and harmonic analysis involve such problems as: a) studying
of Riesz potentials as linear integral operators mapping from one functional
space to another one including weighted spaces; b) studying of Riesz potentials
as a function of the argument, namely, continuity, differentiability, behavior
at infinity etc.; ¢) researching of generalized Riesz potentials: consideration of
Riesz potentials with homogeneous kernels, changing of shift by generalized
shift, changing of Euclidean distance by anisotropic kernel.

Let R™ be the n -dimensional Euclidean space and 0 < a < n . The
classical Riesz potential of a locally integrable function f : R™ — R is defined
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by
Lf (@) = [ |o =" f () dy,
B
where |-| denotes the Euclidean norm.

The classical Riesz potentials was well studied. A detail analysis and in-
vestigations of the classical Riesz potentials were given in monographs [1], [5],
8], [10]. The continuity of the potential I, f (x) as a function of x was studied
in [6] and [7]. In [3] results on the finiteness and continuity of the classical
Riesz potentials were given in [6] were generalized for Riesz potentials with
non-isotropic ketrnels depended on A -distance.

By Sobolev imbedding theorem, it is known that if I, f (z) is finite almost
everywhere and if p > 2, then I, f is a bounded operator mapping from L, (R")
to C'(R"). But this fact doesn’t hold if p < 2. Therefore, Y. Mizuta ([6]) found
a subclass of L, (R") with p = Z not contained in any class L, (R") different
from L, (R"), such that I, f is a bounded operator mapping from this subclass
to C'(R").

Using Mizuta’s modified methods the continuity properties of potentials on
abstract spaces which are generalizations of Riesz potentials are investigated
in this paper.

2 Continuity of Potentials

Let X be a set. A function p: X x X — [0, 00) is called quasi-metric if:
Dp(ry) =0 < z=y

2) p(z,y) =p(y,z);
3) there is a constant ¢ > 0 such that for every z, y, z € X

p(zy) <clp@,z)+p(zy)).

If (X, p) is a set endowed with a quasi-metric, the balls

B(r,r)={ye€X: p(z,y) <r}

(for x € X and r > 0 ) form a base for a complete system of neighborhoods
of X is a Hausdorff space. Note that the balls are not in general open sets; if
they are, then form a base for the topology of X .

Proposition 2.1 Let X be a set together with a quasi-metric p and a non-
negative Borel measure p on X with suppy = X, diam X = oo and f be a u-
locally integrable function on X . Suppose that a function K : (0,00) — [0, 00)
satisfy the following conditions:

(K1) K (t) is a almost decreasing function, i.e., there exists a constant
D > 1 such that
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K (s9) < DK (s1), for 0<s1 < sy <o

(Ks) there exists a constant M > 1 such that K (r) < MK (2r), forr > 0;
(K3) B(f )K (0 (2, y)) dp (y) < oo

Then for the finiteness of the operator
Uicf (@) = [ K (p(e,9)) £ () due (9) M
X

1 -almost everywhere on X it is necessary and sufficient that one of the fol-
lowing equivalent conditions is fulfilled:
(1) there exists xo € X such that

K (p(zo,y)) f (y)du(y) < oo;
X\B(zo,1)

(1) for arbitrary x € X

K (p(z,y)) f (y)du(y) < oo;
X\B(z,1)

(i) ){K(l +p(0,9)) f (y) du (y) < 0.

Proof First we show that it follows from (i) that integral (1) is finite u
-a.e. on X. For this purpose we write

L | Ukt (@)dn(@)
(

z0,1)

</ du(fr)[ | K@)f@ldw)

B(zo,1) B(zo,1+c)

+ K(p(x,y))f(y)du(y)}J1+J2-
X\B(z0,14¢)

Consider J;. If y € B (2,1 + ¢) and = € B (x, 1), then
{y:p(zoy) <l+ct C{y:p(0,y) <cl+c+p(0,20))};
{z:p(xp,x) <1} C{z:p(x,y) <c(2+0)}.

By applying Fubini’s theorem

n< [ W) | K ) de @)

B(zo0,14+c¢) B(zo,1)
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< [ uelew [ K@y di@ <,

B(0,c(1+c+p(0,20))) B(y,c(2+c))

Consider J,. If © € B (x,1) and y € X\B (29,1 + ¢), then

C—l

pl(z,y)>c " plzo,y) —1> p (20,Y) -

1+¢

It is clear that there exists positive integer n such that % > 27", Then
from (K7) and (K>)

DM [ dp@) [ K (o(ow) I 0) die(v)

B(zo,1) X\B(zo,14c)

=DM (B 1)) [ K (p(eo.u)If ()l dia ().
X\B(zo,14c)

It follows from (i) that Jo < co. Therefore integral (1) is finite a.e. on X.
Now we show that (i) = (i7). If p(x,y) > 1, then

p(zo,y) < clp(x,y) + p(x,20))

<c(l+p(z,20))p(2,9).
Let n, is a positive integer with ¢ (1 + p (x,x)) < 2". Then

K (p(z,y) < DK (27" p (20,9)) < DM™ K (p(z0,y))

and

K (p (@) f () dpe(9) < DE (1) [ 1f ()l dp ()
X\(z,1) B(zo,1)

[ Ke@w) fmd
X\B(zo,1)N(X\B(z,1))

< DK (1) / f(y)du(y)

B(z0,1)

DM / K (p(x0,)) f () dpu ().

X\B(zo,1)

Hence (i) = (i7).
Let us show that (i) < (ii1). Since p (zg,y) < c (14 p(0,20)) (1 + p(0,7)),
we have

K (1+p(0,y)) < MK (p(zo,y)).
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Then

[E+p0.9)f @) duly) <DEQ) [ 1f@)lduly)

X B(wo,1)
+ [ KQ+p0y)If @)lduly)
X\B(zo,1)
<DE) [ 1 @ldu@)+M [ K (p(eou)If ()] du ()
B(zo,1) X\B(zo,1)

and from this it follows that (i) = (éi7). If p (x¢,y) > 1, then

1+p(0,y) < p(zo,y) (1 +c(p(0,20) +1)).

Hence

[ Kp@on)lf @)y

X\B(zo,1)

< M2/K(1 +p0,9) |f (W)l dp(y)

Therefore (#ii) = (¢). The proof is completed.

Let ¢ (r) be a strictly increasing on (0,00) and lim, g ¢ (r) = 0. A space
(X, p, 1), is a set X together with a quasi-metric p and a nonnegative Borel
measure p on X with suppu = X, diam X = oo and there exists a constant
C > 1such that forallr >0and all z € X

Clo(r) < p(B(z,r) <Co(r).

If ¢(2r) < Ci¢(r), then (X, p, p), is a space of homogeneous type (see

2])-

Lemma 2.2 Let the space (X, p, pi), be given, K : (0,00) — [0,00) be a
continuous function satisfying the conditions (K1), (Kz) and
(Ky) there exist a constant F' > 0 and 0 < o < 1 such that

/ K (p(x,y)) du(y) < Fo(r)”, for any r > 0.
B(z,r)

Suppose that p = %, f is a p - locally integrable function on X satisfying
the condition

J1F @I w (f @) du (y) < o, 2)

X

where
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(wy1) w is a positive, monotone increasing function on the interval (0, 00);
(wo) Tw (7“)3_11 r~ldr < oo;
(w3) the;"e exists a constant A > 0 such that
w(2r) < Aw(r), for anyr > 0.
Then there exists a positive constant L such that

K (p(z,y) |f (W)l du(y)

{yeX:|f(y)|za}

1

<o wwrtsonm) (Joorse)
{yeX:|f(y)|=>a}

for any a > 0, where}%jLﬁ =1.

Proof For j = 1,2, ... define
Xj:{yGX:Qj_lag\f(yﬂ <2ja}.

Let
ri=¢"" (n(Xy),

where ¢! is a inverse function of ¢. Then

C™u(X5) < p(B(0,15)) < Cu(X;).

Hence
[E@mdim < [ Ke@dw+ [ Ky)du)
Xj B(z,rj) X;\B(z,r;)

< [ Kp@y)diw)+DEG@) [ du(y)

B(z,rj) X\B(z,rj)

< / Ydp(y) + DOK (1) p (B (x,1,))

< (1 + DQC) / K (p(z,y))du(y) < Mo (ry)7,

B(z,rj)

where M; = (14 D?*C) F. Therefore

K (p o) | )l i) = [ 3K (p o) 1F ()l e )

{yeX:|f(y)|>a} jI=t
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< i% K (p(z,y))dp(y) < M, i%ﬁb ()

X

— 20,3 2 aw (200) 7 ( (X)) w (29a)

j=1

< 2M, Av i 29 Y aw <2j_1a)% ( (X]))% w (Qja)_”

j=1

< 2M,A¥ [i (23‘—1a)pw (2j—1a) y (Xj)] g [iw (QJ’G)ﬁ] o

Jj=1

< 9M,Av (
JyeX:|f(y)|>a}

The lemma is proved.

Theorem 2.3 Let the conditions of Lemma 2.2 be satisfied and f satisfy
the condition (iii). Then Uk f (x) is continuous on X.

Proof For z € G and r € (0,00), we can write

Ukf@) = [ K(p@y)f @) dul)

B(zo,r)
+ [ K@) f@)dn) = P @)+ Q)
X\B(zo,r)
and
P@l< [ Ky d)
B(zo,r)
+ / K (p(z,9)) |f ()| dpe () = P (2) + P/ (). (3)
B(zo,r){yeX:|f(y)|>1}
Then
P < [ Kp@dw+ [ Ke@y)d)
B(z,r) B(zo,r)N(X\B(z,r))
< [ KGp@y)duw+DK@) [ dul)
B(z,r) B(zo,r)

< [ K(p@.y)du(y)+DCK () (1)

B(z,r)
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< / K (p(x,y))du(y) + DC?K (r) / dp (y)

B(z,r) B(z,r)
< (1+p*c?) / K (p(e.y)du(y) < (1+DC?) Fo(r)7.  (4)
B(z,r)

By Lemma 2.2

Pl (z) <L ( IF @) w(f (W)D) du (y)) X

JyeX:|f(y)|>1}NB(zo,r)

1

I

x (711} (t)—ﬁtldt> (5)

|P, (z)| < o0.

Then

By conditions of the present theorem

Q) (x)] < o0.
Therefore
U f ()] < oo.
Let r = 2¢p (z, ) . Then by (3), (4) and (5)

P, (z) — 0,as p(z,x9) — 0.
If p(zo,y) > r , then

p(x,y) > c'p(xo,y) — p(,20) >
. ! !
>c p(x0,y) — —p(0,y) = —p (20, ) .

2 2
It is clear that there exists natural number n such that % > 27", Hence
-1

K (p(2.)) < DK <%P($oay)> < DMK (o (20,1)).

petne f (@) ,if & € X\B (a0, 7)
x),ifxv e To, T
fr(x):{ 0, if © € B(xo,7) i

Then
Qr () = [ K (p(w.y)) £ () du ().

X
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Further
K (p(z,9)) 1fr ()] < DMK (p(x0,9)) |f ()]

Since K (r) is continues, we have

K (p(z, ) 1 ()] = K (p (o, 9)) |[f )], as p(x,20) = 0.

By applying Lebesgue dominated convergence theorem we obtain

lim Ugf(x)= lim Q,(z)=Uxf(z).

p(x7z0)4>0 p(m,xo)ﬂo

The proof is completed.
Remark 2.4 As ezamples of w (r) satisfying (wy), (we), (ws) may serve
w(r) =log (2+7)’;

w (r) =log (2 + )" log (2 + log (2 + 1))°
and so on, where d >p—1>0 .
Remark 2.5 Let ¢ (r) = r%. Then the functions K (t) = t*~ and K (t) =

t*=dlog (1 +t71), for 0 < a < d satisfy conditions (K,), (K3), (K4). We prove
(Ky) for K (t) =t*"%log (1 +t7'). Let 8 € (0,a). Then

/ p(,y)* log (1+p(z,9)"") du (y)

B(z,r)

IN

[ oty duty)
B(z,r)

- a—d—
= p (@, y)* ™ dpu(y)
TY2-i-1r<p(z,y)<27Ir

<) [ ww)

277 tr<p(z,y)<2~Ir

7=0,

< Ci (Q_j_lT)aidiﬁ (Q_jr)d < Cir* P =G (r)?,
i=0

where o = %.

It is easy to see that o = % if K (r) = r*~¢.
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3 Finite Differences of Riesz Potentials

Let d > 0 and 0 < # < 1. A space of homogeneous type (X, p, ut),, (see [4],
[9]) is a set X together with a quasi-metric p and a nonnegative Borel measure
poon X with supppy = X | diamX = oo and there exists a constant C' > 0
such that for all » > 0 and all z,y, 2z € X

CYr? < u(B(x,r)) < Ort

and
o (z,y) — p(2,9)] < Cop(2,2)" [p(x,y) + p (2,9)] . (6)

It is easy to see that if p is a metric, then p satisfies (9) for all 6 € (0,1] .
Let (X, p, ) 40 18 @ space of homogeneous type and 0 < a < d . Consider
the Riesz potential

Rof (2) = [ plw,y)™™" £ () dus (9)
b
Lemma 3.1 ([7], [11]). Let w (r) be a function satisfying (w,) and
(wy) there exists Ay > 0 such that
AT 'w (r) < w (7“2) < Ayw (r).

Then for v >0
Atw (r) <w (r7) < Ayw (r)

and

whenever sq > s; > 0.

Theorem 3.2 Let (X, p, 1),4 be a space of homogeneous type, p = g >0,
w(r) be a function satisfying (wy), (ws), (w4), f(z) be a p -locally integrable
function on X satisfying (2) and

/(1 +p0,9)) 7 |f ()l dp (y) < 0.

X

Then
|Rof (x) = Rof (2)| = o (w" (p(2,2))), as p(z,z) =0,

where
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Proof Let r = p(z,z) < 3. Then we can write

Rof @)= Raf (NS [ p(20)" 1 0)ldu ()

B(z,2cr)

+ [ pay) U @)y

B(z,2cr)

* / o (2,9) ™" = p(2,9)" | |f W) du (y) = Ji(2) + Ja(x) + Ja(x, 2).

X\B(z,2cr)
Consider Ji(z) . If y € B (x,2¢cr), then

p(y,2) <clp(x,y)+p(z,2) <ar,

where ¢; = ¢(2¢+1). Let @« — 0 < v < . By Lemma 2.2 and Lemma 3.1

RS [ oy ™ duy)+ / p(zy)" ™ If ()l dn (y)

B(z,e1r) {y:BGern) [ fW)>p(z9) "7}

< f%(Q—j—lclr)@_d_V / dp (y)

2-i—1eir<p(z,y)<2 Jcir

1 1

+L / F@)Pw(1f @) du(y) ( / w(t)zfltldt)

{v:Bz.en) [f()|>p(z9) "}

<clra7+L(B / f(y)pw(f(y))du(y)) (7 / w(<c1t>—”)r”t1dt)p
(z,e17) 0

<01r°”+02(3/ f(y)pw(f(y))du(y)) w* (r).

(z,e17)

cir)”

If p(z,y) < 17, then p(x,y) < cor, where ¢ = ¢(¢; + 1) . Thus

B =

J1<z><clrav+02(ﬂ / f(y)”w(f(y))du(y)) w (r).
(

x,cor)

By the same way

Jg(-r)<01r“”+02(8/ f(y)pw(f(y))du(y)) w* (r).

(z,car)
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Let w = max (p(z,y),p(z,y)) and u = min (p(z,y),p(z,y)). By mean
value theorem, there exists uy € (u, ) such that

d d — a—d—1

= u - = (d - 0) (- w) g

(@, 9)* ™ = p(2y)
By (6) we can write

a—u < Cop (x,2)" [p(z,y) + p(2,9)] " < Csr’p(x,y)' ™" whenever p (z,y) > 2cr.

Then

o (2,9) ™ = p (2, y)a_d\ < Cur’p(w,y)* ™" whenever p(z,y) > 2cr.
So that

Ble) <0’ [ pley) N W)l du )
X\B(z,2cr)
< Cyr? / p o, y) ™" dp (y)
X\B(z,2cr)
+Cyrw (r77) / p (@) I W)lw (1f W7 dpn (y)

{y: X\B(z,2cr),| f(y)|>r—7}
1

p/

a—d—0)p’
p () ™ dp (y)
\B(z,2cr)

1

< c,cr? (207”)“7977 + Cyrfw (r‘”’)_p

S =

<| [ rerels whdew)

\B(z,2cr)
1o v
< Csr* 4 Corw () P [ / plx,y) " dp(y)
=0

20+ er<p(z,y)<2i+2cr

1

< Csr™7 + Cgrw (r’l)ié (i C (2”107“) B (2j+207“) d) .
=0
1

S 057,04—7 + 0711} (7“_1)7; .

By (ws) we see that

1

w* (r) > (/w (t’l)ip_il tldt> ’ > Cqw (r’l)j log (r’l)p }

2

|~

\

—
~

SN—
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By Lemma 3.1
-1
s < Cyw (5’1) (8)

for 0 < s < 1.
Thus we establish

J3 (z,2) < Crow* (1) log(r_l)_ﬁ.
Now it follows that

‘Raf (x) - Raf (ZM < 2017«&77

0| [ P @) | o 6)+ Caw (1) logl )"

(z,car)

’ti\l,_‘

and using (7) and (8) we have the required result.
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