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Abstract

The continuity and general form of a separating linear isomorphisms
A:C(T)— C(S), when T and S are compact topological spaces, have
been studied in last few years. Recently, we have changed the conditions
on T and S and proved that the separating linear isomorphism A :
C.(T) — C.(S) has a general form. In this note, we prove the continuity
of such isomorphisms.
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1 Introduction

When T and S are compact topological spaces, in [3] it is proved that every
separating linear isomorphism A : C'(7') — C(S) is continuous and has a gen-
eral form. In [4], the continuity and general form of bi-separating linear maps
between the algebras B(FE) of all linear continuous maps on a Banach space
FE is also discussed, where by a bi-separating linear isomorphism we mean a
separating linear isomorphism with a separating linear inverse. The continu-
ity and general form of bi-separating linear isomorphisms between standard
subalgebras of bounded operators on Frechet spaces is considered in [1]. In
[2] The authors also have recently proved that, where T is non-compact locally
compact Hausdorff and S is only Hausdorff space, then every separating linear
isomorphism A : C.(T) — C.(S) has a general form. In this note we prove
the continuity of such isomorphisms, if moreover S is a locally compact and
completely regular space.
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Let us recall that a linear map A between the algebras X and Y is said to
be separating if zy =0 = A(z)A(y) = 0 for all z,y € X.

2 The continuity of separating linear isomor-
phisms

Let T be a non-compact, normal, locally compact and S be a Hausdorff space.
Suppose A : C.(T) — C.(S) is a linear separating map. In [2] it is proved that
there are three subsets Si, S5, .53 for S such that S = S; U Sy, U S35 where Ss
is closed and there is a continuous map ¢ : Sy U Sy — T and a non vanishing
continuous map x : S; — C such that for every f € C.(T), and every s € S :

Af(s) = x(s).f o p(s),

and Af =0 on S3. Moreover, for all f € C.(T), if (suppf) N ¢(S2) = ¢, then
Af‘ Sy = 0.

Here we prove that if moreover S is a locally compact and completely
regular space, then the separating linear isomorphism A is continuous.

Proposition 2.1 The two sets S7 and Sy have the following properties:

1. The subset Sy of S is closed ,

2. p(S2) (intKis finite for every compact subset K of T.

Proof. Following the proof of [2; theorem 3.1], for s € S, if we de-
note by ds the evaluation functional of C.(S) at the point s then, for f €
C(T), 0s0A(f) = Af(s), and S3 = {s € S : 0,0 A =0}, Sy = {s €
S 50 Ais discontinuous} and S; = S\ (S2 U S;), and so S; = {s € S :
ds 0 A is non — zero and continuous}.

To prove (1), let (Sa)acr be a net in Sy which converges to s € S. Since T is
locally compact and ¢(s) € T, so 3f € C.(T); frp(s)) # 0. By the continuity
of the map f, we have f(¢(sq)) — f(©(s)). Therefore, there exists ag € I such
that for all a with a > ag we have f(p(sa)) # 0. Now, x(s4) # 0 s0 Af(sq) #0
for all « > ay. By regarding to C.(T) = kerd,, o A® (f), for all « > ap we
can assume the existence of an scalar 3, and a map h, € kerds, o A for every
g € Cc(T) such that g = ha + Baf, thus g(¢(sa)) = ha(p(sa)) + Baf(p(Sa))-
Since s, € S1, so kerds, o A = K, where Ky = {f € C.(T); f(p(s)) = 0}
for every s € S. We put o = %, and therefore we have g(p(s,)) =
ha($(5a)) + HEE - f(s0) and also Ag(sa) = Ah(sa) + $E425 - Af (sa). Now
we put [ = Af(s , then we have Ag(s) = B - g(¢(s)). In other words, we get
ds 0 A(g) = B (g o ¢)(s) for every g € C.(T), and so s o A is continuous,
which means s € S.

For (2), we suppose that there exists a compact subset K of T' such that
©(S1) NintK is infinite. Since K is compact so there exists a sequence (p(sy,))
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of distinct elements of intK with s, € Sy forn € N and (¢(s,))nen converges
to a point of K. Therefore we can assume that (Uy,)nen is a pair wise disjoint
sequence of open subsets of K such that ¢(s,) € U, C K for every n € N.
We can also assume that the closure of every U, s compact. Let V, be a
neighborhood of ¢(s,) with V,, C U, and V,, is compact. Thus there exists
a map g, € C.(T) such that 0 < g, < 1, nyy, = 1 and coz(gn) € Uy,
for each n € N. On the other hand, since ds, o A is discontinuous, there
exists a map h, € C.T) with sup{| h,(t) |;t € K} < 1 and such that
| 05, © A(hy) |=| Ahn(sn) |> n® for allm € N. We put f, = 1/n*h,.g,.
Since g, = 1 on V,, then, we have that | Af,(s,) |= 1/n* | Ah,(s,) |> n.
So | Afn(sn) |> n for each n € N. By regarding to | f, |< 1/n* we define
[ =2 nen Jn- Since suppf C Usuppf, € K, so [ € C.(T). On the other
hand, as (U,) is pair wise disjoint and coz(f,) C U,, for alln € N, then
Af”'w—l(Um) =0 forn # m. Thus | Af(sn) |=| Afu(sn) |> n for alln € N,
which 1s a contradiction with Af is bounded.

Theorem 2.2 Let A : C.(T) — C.(S) be a separating linear isomorphism .
Then A is continuous and Af(s) = x(s)- f(p(s)) foralls € S and f € C.(T).

Proof. Since A is injective, by [2; corollary 3.3] ¢(S) =T. Let t € T be a
limit point and U be a neighborhood of ¢ with compact closure. By proposition
(2.1), U () is finite where U [ ¢(S) is infinite and therefore U [ ¢(S7) is
infinite . Since ¢(S3) consists only of the limit points of T, this implies that
p(51) =T.

For every f € C.(T) and s € S; we have Af(s) = x(s) - f(¢(s)) . Now,
if Af(s) =0 for s € S; and some f € C.(T), since x(s) # 0so f(p(s)) = 0.
Therefore, if Af |s,= 0, then f(¢(S1)) = 01i.e. f |(u(s))= 0 and since ¢(S;) =
T, so f =0 on T. Now, we claim Sy = (). For if s € Sy, then {s}[)Ss = () and
since S is closed by Urysohn’s lemma there exists g € C.(S) with g(s¢) = 1
and g = 0 on S;. Since A is bijection and g is a non-zero, so there exists a
non-zero f in C,(T) with Af = g, i.e. Af(s) =1 and Af‘(SI) = 0 which is a

contradiction.

We close the paper with a remark which says that if we consider A :
Co(T) — Co(S) with the same conditions then A has a general form, but
we believe the continuity of A is still open.

Remark. Let A : Co(T) — Cy(S) be a linear separating map. Suppose
Ay = Ay and Sp = {s € S : 050 A is countinues on Co(T)}. Since the
proof of Theorem (3.1) of [2] valid if we replace C.(S) by Cy(S), so there
exists a continuous map ¢ : 57U Sy — T and a non vanishing continuous map
X @ S1 — C such that Ay f(s) = x(s) - f(p(s)) for every f € C(T),s € So.
Now , let f € Cy(T), and choose (f,,) from C.(T') with f, — f in Co(T) and let
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s € Sp. Then d50 A(f,) — ds0 A(f) and 050 A(f) = limu—oox(s) - fu(p(s)) =
X(s) - f(e(s))-
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