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Abstract

A fixed point theorem on four metric spaces is proved. This theo-
rem gereralizes and extends the result obtained in [1] from three metric
spaces to four metric spaces. Further, a generalization of the Theorem
1 proved in [1] is obtained as corollary of our theorem.
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1 Introduction

In [1], the following fixed point theorem is proved:

Theorem 1.1 Let (X, dy),(Y,ds) and (Z,ds) be complete metric spaces.
LetT : X —- Y, S:Y — Z R:Z — X be three mappings satisfying the

following inequalities:

di(RSy, RSTx) < chlzy)
gl(l'ay)
(TR TRSy) < 202
92(y, 2)
dy(STe, STRz) < “327)
g3(z, )
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forallx € X,y €Y and z € Z for which ¢ (x,y) # 0, g2(y, 2) # 0, g3(z,x) # 0,
where 0 < ¢ <1 and

fi(z,y) max{d;(x, RSTx)d3(Sy, STx),dy(x, RSTx)dy(y, TRSY), d1(x, RSy)ds(y, Tx)}
fa(y, 2) max{dy(y, TRSy)d,(Rz, RSY), ds(y, TRSy)ds(z, STRz), da2(y, T Rz)ds3(z, Sy) }
fs(z,2) = max{ds(z, STRz)ds(Tx,TRz),ds(z, STRz)d,(x, RSTx),ds(z,STx)d(z, Rz)}
g1(z,y) = max{d(z, RSy),dy(x, RSTx),ds(Tx,TRSy)}
92(y,z) = max{ds(y,TRz),ds(y, TRSY),ds(Sy, STRz)}
93(z,2) = max{ds(z, STx),ds(z,STRz),d;(Rz, RSTx)}

then RST has a unique fized point « € X, T RS has a unique fized point
8 €Y and STR has a unique fixed point v € Z. Further, Tao = (3,50 = v
and Ry = a.

In this paper we obtain a new result (cf. Theorem 2.1) concerning fixed
points for mappings on four metric spaces. We generalize and extend the result
of Theorem 1.1 from three metric spaces to four metric spaces. As a corollary
of our theorem we obtain a new theorem which generalizes the Theorem 1.1.

2 Main results

Now, we will give and prove our theorem as follows:

Theorem 2.1 Let (X,dy),(Y,ds), (Z,ds) and (U,dy) be complete metric
spaces. LetT : X - Y, S:Y - Z R:Z — U and Q : U — X be four
mappings satisfying the following inequalities:

d1(QRSy,QRSTz) <
0(TQR= TQRSy) <
d3(STQu,STQRz) <

dy(RSTz, RSTQu) <

forallz € X,y €Y, z€ Z and u € U for which Gy(x,y) # 0,Gs(y, z) #
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0,G3(z,u) # 0,G4(u,x) # 0, where 0 < ¢ < 1 and

Fi(z,y) =max {di(x,QRSTz)ds(RSy, RSTx);d\(x, QRSTx)ds(Sy, STx);
di (v, QRSTx)dy(y, TQRSY); dyx, QRSy)dy(y, Tx)}

Fy(y,2) =max {dy(y, TQRSy)d1(QRz, QRSY); da(y, TQRSy)ds(Rz, RSy);
da(y, TQRSy)d3(z, STQR2); dao(y, TQR2)d3(2, Sy)}

Fs3(z,z) =max {ds(z,STQRz)dy(TQu,TQRz);d3(z, STQRz)d;(Qu, QRz);
d3(z, STQRz)dy(u, RSTQu); d3(z, STQu)d4(u, Rz)}

Fy(u,z) =max {ds(u, RSTQu)d3(STz, STQu); ds(u, RSTQu)ds(Tx, TQu);
dy(u, RSTQu)dy(x, QRSTx); dy(u, RSTx)d(z, Qu)}

Gi(z,y) =max {di(x,QRSy),di(x,QRSTx),ds(Tx, TQRSY)}
Go(y,z) =max {ds(y, TQRz),ds(y, TQRSY),ds(Sy, STQR=)}
Gs(z,u) =max {d3(z, STQu),ds(z, STQRz),ds(Rz, RSTQu)}
Gy(u,z) =max {ds(u, RSTx),ds(u, RSTQu),d1(Qu, QRSTz)}

then QRST has a unique fixed point o € X, TQRS has a unique fized point
6 eY, STQR has a unique fized point v € Z and RSTQ has a unique fized
point 6 € U. Further, Taa= (3,56 =, Ry =49 and Q6 = .

Proof. Let zyp € X be an arbitrary point. We define the four sequences
(n)s (Yn), (z) and (u,) with XY, Z and U respectively as follows:

Ty, = (QRST)"xo; Yn = Txp—1; 2n = SYn; Uy, = R2,

for all n € N. We assume that =, # Tp11,Yn # Ynit, 2n F Znal, Un F Unil

for all n € N. Otherwise, if z, = x,,1; for some n, then y,11 = Ynio, 21 =

Zna2, Upt1 = Upso and we could put x, = o, ypi1 = 5, 2ne1 = v and u, 11 = 0.

If ¥, = yny1, then z, = 2,11, u, = u,y1 and the later equalities imply that

Tp = Tpe1. Simliarly, if 2z, = 2,11 or u, = u,41, then again x,, = x, 1.
Taking z = z,_1 and y = y,, in (2), we obtain:

Golyns ) = da(TQRz 1, TQRSy,) < % -
Cmax{d? (ym yn+1)d1 (xn—ly xn); d2(yn7 yn+1)d4(un_1, Un)§
max{dz(Yn, Yn); d2(Yn, Yn+1); d3(2n, 2n) }
ds (yna yn+1)d3(zn717 Zn)? d2(yna yn>d3(znfla Zn)}
max{dz(Yn, Yn); d2(Yn, Yn+1); d3(2n, 2n) }
cmax{ds(Yn, Yn+1)[d1(Tn-1, Tn, ds(Up_1,up), d3(2n—1, 2,)]}
dQ(yna yn+1)
= cmax{di(T,_1,%n),d3(zn_1, 2n), dg(tp_1,u,)} (5)
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Taking u = u,_1 and z = z, in (3) we obtain:

d3(zn7 Zn+1)

CF3(Zn7 un—l)
ds(ST 1, 5T < =P P
3(STQuy,—1,STQRz,) < GGt 1)

c HlaX{dg(Zn, Zn+1>d2(yna yn+1); d3(2m Zn+1)d1 (xnfla xn);
max{ds(zn, zn); d3(2n, Zn+1); d3(Un, uy) }
d3(2n, Zng1)da(Un—1, Un); d3(2n, 2n)da(tp_1,un)}
max{ds(zn, 2n); d3(2n, Znt+1); d3(tn, uy) }
cmax{da(zn, Znt1)[d2(Yn: Ynt1, di (Tn—1, Tn), da(un—1, un)]}
d3(zn, 2nt1)
cmax{ds(Yn, Yn+1), d1(Tn_1, Tpn), dy(tp_1, uy)}

and using (5) we obtain:

d3(zn7 Z?’L-I—l S cmax {Cdl (xn—la In)u Cd?)(zn—la ZTL): Cd4(un—17 U/n)a dl (l‘n—17 xn)7

dg(tp—1,un)}

= cInax {dl (xnfla xn)a d3(2n717 Zn)a d4(un717 un)} (6)

Taking u = u, and z = z, in (4) we obtain:

d4(un7 un+1)

< cFy(u, x) _

~ Gyl(u,x)

cmax{dy(un, tny1)d3(zn, 2n41); da(Un, Uny1)do(Yn, Yns1);

max{dy(t,, Uy); dg(Un, Uni1); di(Tn, T0)}

dy(tn, Upg1)dy (D1, Tn); da(Up, U )dy (Tn—1, 20)}
max{dy(tn, un); dg(Up, Uny1); di (T, T0) } N

cmax{dy(tn, wny1)[d3(2n; 2nt1, do(Yns Yni1), di(Tn—1, T0)]}

Ay (U, Upy1)
cmax{ds(2n, 2n+1), d2(Yn, Yn+1); A1 (Tn—1,20) }

dy(RSTx,—1, RSTQuy,)

and using (5) and (6) we obtain:

d4(un7 un—{—l) S & max{dl (l‘n—17 xn)7 d3(Zn_1, Zn)7 d4(un—17 un)} (7>

Taking z = x,, and y = y,, in (1) we obtain:

dl (xna xn+1)

cFy(2n,yn)
Gl (.I', y) a
cmax{di(x,, Tni1)ds(Un, Uni1); d1 (T, Tna1)d3(zn, 2na1);
maX{dl (xm xn); d (xm xn-&-l); dy (yn-l—lu yn+1)}
dl (xna xn+1)d2(yna yn+1)§ dl (xm xn)dQ (yna ynJrl)} _
maX{dl (xm xn); d (xm xn-&-l); dy (yn-l—lv yn-l—l)} B
cmax{dy (T, Tny1)[ds(Un, Uny1, d3(2n, 2n11), do(Yn, Ynia)]}
dy (T, Tpi1)
Cmax{d4(un7 un-l-l)v d3(2n7 Zn-l-l)v dQ(yna yn+1)}
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and using (5), (6) and (7) we obtain:

dl (xna anrl) S CmaX{dl (xnfla xn)a d3(2n717 Zn)dél(unfla un)} (8)

It now follows by induction on using inequalities (5), (6), (7) and (8) that:

dy(Tp, Tpp1) < " rmax{d(z1,22);ds(21; 22), da(uy, us)}
Ao (Y Ynv1) < " max{di(x1, 32); ds(215 22), da(us, uz) }

d3(2p, 2n1) < " max{d(x1,72); ds(21; 22), da(uy, uz)}
dy(tp, Upgr) < " Pmax{d(z1,29);ds(21; 2), da(uy, ug)}.

Since 0 < ¢ < 1, the sequences (x,,), (yn), (2,) and (u,,) are Cauchy sequences.
Since (X, dy), (Y, ds), (Z,ds) and (U, d,) are complete metric spaces, we have:

limz,=a€X;limy,=0€Y;limz,=~v€Z7; limu,=0 €U.

n—oo

Taking z =z, and y = § in (1) we obtain:

< CFl(xnaﬁ) —

A(QRSB,za) = di(QRSP,QRSTm) < G lrtiss

cmax{dy(Tn, Tni1)ds(RSB, tuni1); di(Tn, Tri1)ds(SS, znt1);
max{d;(x,, QRSF); d1(zn, Tpni1); do(Yns1, TQRSB)}

di (T, Tnt1)d2 (8, TRSQP); di(xn, QRSB)d2 (B, Yn+1) }

max{d;(z,, QRSB); d1(xn, Tni1); do(yni1, TQRSE)}

Letting n tending in infinity we get

di(QRSB,a) <0
from which it follows
QRSP = a.
In the same way, using the inequalities (2), (3) and (4) it can be shown that
RSTa =0,5TQ6 =~ TQR~y = 3.
Taking y = y,, and z = S/ in (2) we obtain:

Fy(yn, S
dy(TQRSP, yns1) = do(TQRSB, TQRSy,) < %

c max{dQ(yn, Ynt1)d1 (QRSP, fn); do(Yn, yn+1)d4(RSﬁ, Un);

max{dz(yn, TQRSB); d2(Yn, Yn+1); ds(2n, STQRSPB)}
dQ(ym yn+1)d3(sﬂ7 STQRSﬂ>a dQ(ym TQRSB)dZS(Sﬁa Zn>}
maX{d2(ym TQRSﬂ>a dQ(ym yn+1); d3(2n7 STQRSB)}
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Letting n tending in infinity and since QRS = a we get

¢dy(8, TQRS3)d5(SP. 5)
max{ds(3, TQRSS),d3(v, STa)}

d2(TQRSS, 3) <

We distinguish here two cases:
If max{dy (3, TQRSP),ds(y, STa)} = do( 5, TQRS3) we have

cmax{d»(3, TQRSB)ds(SB3, )}
do(B, TQRSB)}

If max{dy(3, TQRSf),ds(~y,STa)} = d3(y,ST«a) and da(3, TQRSB) # 0

we have

dQ(TQRSﬂaﬁ) = dQ(TO‘aﬂ> S

= Cd3(5ﬂ7’7)

B cmax{dy (3, TQRSB)ds(S3,7)}
dQ(TQRSﬂaﬁ) - dQ(T&7ﬂ> S dg(")/, STCK)} S

cdy(8, TQRSB)d3(SB,7)

Thus, we always have:

dy(TQRSP, B) = do(T'v, B) < ed3(SP, 7). (9)
In the same way, taking z = 2, and v = R~ using (3) we obtain:
< CFS(ZTH R’}/)
- GS(ZTHR’}/)
cmax{ds(zn, 2n41)da(TQRY, Ynt1); d3(2n; 2n11)di (QRY, )5

d3(STQR% Zn+1) = d3(STQR% STQRZn)

max{ds(z,, STQR?); ds(zn, Znt1); da(ty, RSTQR~)}
d3(zn, zna1)ds( Ry, RSTQR?Y); d3(zn, STQRY)ds( Ry, u,)}
maX{d?)(znu STQR’V)a d3(zn7 Zn+1); d4(un7 RSTQR’V)}

Letting n tending in infinity and since TQ Ry = [3 we get

cd3(v, STQRy)da( Ry, 7)
max{ds(y, STQR~),ds(5, RSS)}

Thus,

d3(STQRy,v) = d3(SB,7) < cda(Ry,7). (10)

In the same way, using the inequalities (4) and (5) it can be shown that
d4(RSTQ57 5) = d4(R77 5) < Cdl (Q& O‘) (11)

and
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di(QRSTa, o) = di(Q6, o) < edy(Tev, B) (12)
Using (9), (10), (11) and (12) we obtain:

dy(TQRSB,B) = do(Tar, B) < cd3(SB,7) < Pda(Ry,v) < *di(Qd,a) <
S C4d2(TO[, ﬁ) = C4d2(TQRSﬁv ﬁ)

from which it follows
TQRSB = p;Ta= ;5= Ry=0,Q0 =«

since 0 < c < 1.
It is also obvious that

STQR~y =, RSTQ) = ; QRSTa = «.

Therefore, o, 3,7 and ¢ are fixed points of QRST,TQRS,STQR and
RST(Q respectively.

Now let we show their unicity.

Let assume now that o’ is another fixed point of QRST different from .
Using the inequality (1) for y = T and z = o/ we get

di(a, ') = di(QRSTa,QRSTda') <
cmax{d,(/,a)dy(RSTa, RSTa/'); dy (o, o )d3(ST e, STA);
- max{d;(c/, a);di(c/,o); do(Ta!, Tx) }
di(o/,a)do(Ta, TQRSTa); dy (o, o )do (T, T ) }
max{d;(o/, a);di(a/,); do(Te!, Tex) } -
cdy (o, a)do(Ta, Ta!)
max{d; (o, o’);dy(Ta!, Ta)}

If max{d;(a,’);ds(Te/,Ta)} = do(Ta/, Tar), then we get di(a,a’) <
cdy (o, ) from which it follows o = o'.
If max{d;(c,’);do(Te/, Tar)} = d(cv, ), then

di(a, ) < edy(Ta, T). (13)

In the same way, taking z = ST« and y = T in (2) we obtain:

do(Ta, Ta') = do(TQRSTa, TQRSTA') <
amax{dy(Ta/, TQRSTd )d,(cv,d); do(Te, Ta!)dy(RST v, RST/);

- max{dy(Te/, Ta); do(Te!, Te!'); d3(STe, STx) }
do(To/, T )d3(STar, STQRSTt); dy(Te!, Tar)ds(STex, STa')}
max{dy(Ta/, Ta); dy(Te!, Te'); d3(STa!, STa)} B
cdy(To!, Ta)ds(STa, STA)

- < cd3(STa!, STa).
max{dx(Te/, Ta); do(Te, Te); ds(STe', STax) } — cd(STer, 5Ta)

Thus,
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do(Ta, Ta!) < ed3(STa/, STa). (14)
By (3), for u = RST«a and z = STa/ we get
d3(STa, STa') < cdy(RSTo', RST ). (15)
By (4), for x = QRSTa and u = RSTa/ we get
dy(RSTa, RST') < edi(QRST o', QRST ) = cdy (o, ar).  (16)
By (13), (14), (15) and (16) it follows

di(a,a’) < edy(Ta, Ta!) < Pd3(STa, STa') < Ady(RSTa, RSTa') <

Ady(a, o)

which is impossible, since 0 < ¢ < 1.
Thus, « is a unique fixed point of QRST.
In the same way it can be proved that 3 is the unique fixed point of TQRS,
v is the unique fixed point of STQR and 9 is the unique fixed point of RST'Q).
This completes the proof of the theorem.

Corollary 2.2 If we consider in Theorem 2.1 the metric space (U,dy) the
same with the metric space (X,dy), (that is U = X,dy = dy), and the mapping
Q as the identity mapping of X (Qu = x,Vx € X ), then we obtain a fized point
theorem on three metric spaces which is a generalization of Theorem 1[1].

Proof. We apply the inequalities (1), (2), (3) and (4) ford; = d, U = X,u ==z
and () = I as the identity mapping.
The inequality (1) takes the form:
di(RSy, TRSy) < S22y (1)

(z,y)

where

Fi(z,y) =max {di(xz, RSTx)d;(RSy, RSTx);d(x, RSTx)d3(Sy, STx);
di(z, RSTx)dy(y, TRSy); di(x, RSy)da(y, Tx)} >
> max {di(x, RSTx)d3(Sy, STx);dy(x, RSTx)dy(y, TRSY);
dy(z, RSy)da(y, Tx)} = fi(z,y)

and Gy (z,y) = max{d;(z, RSy);di(z, RSTx);dy(Tz, TRSy)} = q1(x,y).
The inequality (2) takes the form:

do(T Rz, TRSy) < <£2:2) (27)

Fo
G2 (y7z)
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where
Fy(y,z) =max {do(y,TRSy)di(Rz, RSy);ds(y, TRSy)d:(Rz, RSy);
dy(y, TRSy)ds(z, STRz);ds(y, T R2)d3(z, Sy)} >
>max {dy(y, TRSy)di(Rz, RSy); da(y, TRSY)ds(z, ST Rz);
dy(y, TRz)d3(z, Sy)} = fi(y, 2)
and Gy(y, z) = max{dy(y, TRz);ds(y, TRSYy); d3(Sy, STRz)} = g2(y, 2).
The inequality (3) takes the form:

d3(STx, STRz) < ‘;;F;(f;;)) (3")

where

F3(z,z) =max {ds(z,STRz)ds(Tx,TRz);ds(z, STRz)d(x, Rz);
ds(z, STRz)dy(x, RSTx);ds(z, STx)dy(x, Rz)} >
> max {ds(z,STRz)ds(Tx,TRz);ds(z, STRz)d,(x, RSTx);
ds3(z,STx)di(z, R2)} = f3(z,x)
and G3(z,x) = max{ds(z, STx); ds(z, STRz);d1(Rz, RSTx)} = g3(z, x).
The inequality (4) takes the form:

dy(RSTx, RSTx) < Z2e) (4')

which holds true for all x € X since the left side is zero.

Thus, in case of three mappings (special case ) = I), the satisfying of
conditions (1), (2), (3), (4) of Theorem 2.1 is reduced in satisfying of the
following conditions:

1(RSy Y) Giloy) )
ch(y, 2) /
dy(TRz, TRSy) < L2922 ,
2( y> GQ(ya Z) ( )
CF3(Z’1‘) ,
<
d3(STx,STRz) < ol s ()
and, from the above it follows whenever the conditions
d\(RSy, RSTz) < chi@.y)
{h(x,y)
dy(TRz, TRSy) < cfoly, 2)
92(y, 2)
d3(STxz,STRz) < cfs(z,x)
g3(z,x)

of Theorem 1 [1] are satisfied, the conditions (1), (27), (3’) of the special case
of Theorem 2.1 are satisfied. Therefore, we obtain a generalization of Theorem
1 [1].



1568 L. Kikina and K. Kikina

References

[1] R. K. Jain, H. K. Sahu and B. Fisher, A related fized point theorem on
three metric spaces, Kyungpook Math. J., 36(1996), 151-154.

[2] N. P. Nung, A fized point theorem in three metric spaces, Math. Sem.,
Kobe Univ., 11 (1985), 77-79.

Received: March, 2009



