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Abstract
In this paper, we study the integral boundary value problem for
first order impulsive differential inclusions.Using a fixed-point theorem
for condensing multivalued maps , upper and lower solution method ,we
establish several results.

Mathematics Subject Classifications: 34B37

Keywords: Convex valued multivalued map; Upper and lower solutions;
Integral boundary conditon

1. Introduction

It is well-known that the theory of impulsive differential equations is not
only richer than the corresponding theory of differential equations without im-
pulses, but also represents a more natural framework for mathematical model-
ing of many real world phenomena .Example ;many real processes and phenom-
ena studied in biology,population dynamics and mechanics are characterized
by the fact at certain moments of their development the system parameters un-
dergo rapid changes. The impulsive differential equations is a natural tool for
the mathematical simulation of such processes and phenomena[1-8].In this pa-
per, we consider the integral boundary value problem for first order impulsive
differential inclusions:

2 (t) € F(t,z(t)), t £, t € J=1[0,T],
Ax(ty) = Ip(x(ty)), k=1,2,---,m, (1.1)
2(0) + p Jy x(s)ds = x(T),

!This work is supported by Science Research Fund of Hunan Provincial Educational

Department (Grant No: 07C521).
2xiejingli721124@Q163.com




582 Jingli Xie, Guoping Chen and Xiaofei He

where F : J x R — 2% is a compact convex valued multivalued map and
Iy € C(R,R)(k=1,2,---,;m)arebounded, n < 0,0 <t; <ty <---<t, <T.
Az(ty) = z(t)) — z(t;) denotes the jump of z(t) at ¢t = t, z(t{) and z(t;)
represent the right and left limits of x(t) at t = ¢, respectively. Denote
J' = J\{t1,t2, -+, tm}, C(J, R)is the Banach space of all continuous functions
from J into R with the norm ||z|| = sup{|x(¢)| : t € J}.
L'(J, R)is the Banach space of functions = : J — R,which are Lebesgue
integrable and the norm ||z||p = [y |2 (t)|dt.

Let Q = {u:J — R, uis continuous for t € J, t # t;, u(t]), u(t;

(2
and u(t;) = u(t;),i =1,2,...,m}. is Banach spaces with the norms

) exist

lullpesy = sup{lu(t)| - t € J}.

AC(J, R)is the space of absolutely continuous functions = : J — R.

By a solution of (1.1) we mean a x € QN AC(J, R) for which problem (1.1)
is satisfied.

For any x € ) ,we define the set

Sp,x={ve LY [0,T],R) : v(t) € F(t,z) a.e. t € [0,T]}

When p = 0, equation (1.1) reduces to periodic boundary value problems
for impulsive ordinary differential equation

2 (t) € F(t,z(t)), t #tx, t € J=1[0,T],
2(0) = x(T),

periodic boundary problems for impulsive differential inclusions are dis-
cussed in [9].

Monotone iterative technique coupled with the method of upper and lower
solutions has been widely used in the treatment of existence results of bound-
ary value problems for nonlinear differential equations in recent years [10-13]).
In this paper,first we will introduce new concept of lower and upper solu-
tions.Then ,using the definition of lower and upper solutions «, § and monotone
iterative technique,we will obtain the existence of the solutions for (1.1),with
a < f.

2. Preliminaries

Let (E,| - ||) be a Banach space.A multi-valued map G :E — 2F has
convex(closed) values if G(z) is convex(closed) for all x € E.G is bounded on
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bounded sets if G(B) is bounded in F for each bounded set B of E.

A point x € E s called a fixed point of the multi-valued map G if z € G(z).
A multifunction G is called upper semi-continuous(u.s.c.) if for each zy € E,
the set G(zo) is a nonempty and closed subset of E, and for each open set
N C E containing G(xg), there exists an open neighborhood M of zy such
that G(M) C N.

G is said to be completely continuous if G(B) is relatively compact for every
bounded subset B C FE.

If G is completely continuous with nonempty and compact-valued,then G
is w.s.c. if and only if G has a closed graph,i.e.,given sequences {z, }5°, —
20, {Yntner — Yo,Un € G(z,) for every n=1,2,--- imply yo € G(zo).
CC(R) denotes the set of all nonempty compact,convex subsets of R.

A multi-valued map G : J — CC(R) is said to be measurable,if for each
x € R,the function Y : J — R defined by

Y(t) =d(z,G(t)) =inf{lz — 2| : z € G(t)}

is measurable.
Definition 2.1 A multi-valued map F : J x R — 2% is said to be L' —
Carathéodory if

(i) t+—— F(t,z) is measurable for each = € R;

(ii) z —— F(t,z) is upper semi-continuous for almost all t € J;

(iii) for each r > 0, there exists a function h, € L'(J) such that || F'(¢, z)||=sup{|u| :
u€ F(t,x)} < h, ,ae. teJ forall x| <r.

To apply upper and lower solutions method, we need the concept of lower
solution and upper solution for equation (1.1). We say that a function a €
AC(J, R) is a lower solution of equation (1.1) if there exists v,(t) € L*(J, R)
such that vy(t) € F(t,a(t)) a.e. on J,

o(t) S ult), t# b, tE
Aa(tk) < Ik(&(tk))7 k= 17 27 RN
o(0) + 1 Jy" a(s)ds < a(T).

Similarly, a function § € AC(J, R) is an upper solution of equation (1.1) if
there exists vo(t) € L'(J, R) such that vy(t) € F (¢, 3(t)) a.e. on J,

ﬂ/() U() t#tkate*]
Aﬁ(k)z (ﬁ( ))7k—17277m7
B(0) 4+ fo B(s)ds > B(T).
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In what follows we define the set
0, 8] = {w € AC(J, R) : a(t) < w(t) < Alt),t € J}

for a, p € AC(J,R) and o < 3.
we list the following conditions.
(Hy) F:JxR— 2"isan L' — Carathéodory multi-valued map.
(Hz) Let o, 8 € AC(J, R) be lower and upper solutions for problem (1.1) such
that a < .
(Hs) I, € C(R,R)(k=1,2,---,m),are nondecreasing and bounded.

3. Main results

To obtain our main results, we need the following lemmas.

Lemma 3.1.(See[14]) Let I be a compact real interval and X be a Banach
space.Let ' be a multi-valued map satisfying the Carathéodory conditions
with the set of L' — selections Sy nonempty,and let I' be a linear continuous
mapping from L'(I, X)to C(I, X).Then the operator

FoSp:C(I,X) — CC(C(I, X)),y — (Lo Sp)(y) :=T(Sk,vy)

is a closed graph operator in C(1, X) x C(I, X)

Lemma 3.2.(See[14]) Let N : X — CC(X) be a u.s.c. and condensing
map.If the set

M:={r e X:zx e AN(z) forsome 0< <1}

is bounded ,then N has a fixed point.

Lemma 3.3. Assume that A\ > 0, ' : J x R — 2% is an L' —
Carathéodory multi-valued map, I, € C(R, R)(k = 1,2,---,m),are bounded.Then

' (t) + \x(t) € F(t,z(t)), t #tg, t € J=1[0,T],
Al’(tk) :Ik(x(tk)), k: 1,2,---,m, (31)
2(0) + p Ji w(s)ds = a(T),

has at least one solution.

Proof. It is easy to see that a function =z is a solution to (3.1) if and only if
x € N(z) where operator N : Q — 29 defined by

—At

N(z) = {heQ:h(t) = 1’167/ ds+/ ds+ZG (t, t) I (2 () ),

where f € Sp,, and
—A(t—s)

e v
G(t,s) =4 =, 00 — -
(t,5) {%,O<t<s<f
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We shall show that satisfies the assumptions of Lemma 3.2.The proof will
be given in several steps.

Stepl. N(z) is convex for each = € Q.
If hy,hs belong to N(z),then there exist fi, fo € Sp,x such that for each
t € J we have

h(t) = —%/ ds+/ (£, ) fi()ds+ 3" Gt b)) Tu((te))i = 1,2

k=1
Let 0 <d < 1.Then,for each t € J we have
e
(dhy + (1 = d)ho)(t) = _W/o d3+/ (t, s)(df1(s) + (1 — d) fa(s))ds
+ Z G(t,tk)fk(l‘(tk))
k=1

Since Sp,x is convex,then

dhy + (1 — d)hQ € N(I)

Step2. N maps bounded sets into bounded sets in €.
Indeed ,for given ¢ > 0 \if 2 € B, = {z € Q : ||z]lo < ¢} ,then ,there are
e,k =1,2,--- mand ¢ € L'(J, R),such that |I(z(tx))| < cx, k=1,2,---,m
and |F(t,z(t))] < ¢(t),since F is L' — Carathéodory multi-valued map and
Iy(k =1,2,---,m) are continuous.Thus, Letting x € B, = {z € Q : [|z||q <
q} and h € N(z),then there exists f € Sp, x such that for each t € J we have

—At

h(t):_lﬂfﬁ/ ds+/ (8)ds + 3 Glt, t) Lu(x(ty))

k=1

Hence ,we have

-t

pol < -2 [t + [l |ds+Z|Gttkfk<< V)

< 1_|7|_>\T{TQ+TH90HL1 + ch} =q
k=1
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Step3. N maps bounded set into equicontinuous sets of €). Letting
11,72 € [0,T],71 < 7,z € By, h € N(x),then there exists f € Sg, such that
for each t € J we have

—At

h(t):—llieﬁ/ ds+/ (5)ds+ 3" G(t, te) Iu((t))

k=1

120 S V.
[h(r2) = h(r)| < T ple AT2 e AT

+ /OﬁlG(Tzvs)—G(ﬁ,S)lf(S)dS+ / (G(ra ) — G(m, )| £(5)ds

+ [ 66+ 16 DIE) ($)lds + 3 [ ta) — G, )| (ats)

k=1

From the definition of the function G(¢, s) and that F is L' — Carathéodory
multi-valued map. HenceN(B,) is equicontinuous.
As a consequence of Steps 1-3 ,by the Arzela-Ascoli theorem,N is a completely
continuous multi-valued map,and therefore ;a condensing map

Step4. N has a closed graph.
Let x, — ., h, € N(z,),and h, — h,.we shall prove that h, € N(x,).
h, € N(x,) means that there exists f,, € Sp,, such that for each t € J

—At

hy(t) = —1/167/; xn(s)ds + /OT G(t, s) fu(s)ds + kf: G(t, tg) I (xn(ty))

We must prove that there exists f, € Sp,,,such that for each t € J

ue—)xt T m
h.(t) = —W/ z.(s)ds +/ (t,8) fe(s)ds + Y G(t,te) I(w.(te)
k=1
Since I,k =1,2,---,m is continuous,as n — +o00,we have
'ulef)\t T m
| (ot T [ wals)ds = 30 Gt ) I (t)
k=1

2\t m

_@+ﬁgm%%$m_zmmmmmmw—w,
k=1
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Consider the linear continuous operator
T
Di L R) — C(LR), f— (D)) = [ G(t, ) (s)ds.
0

From Lemma 2.1 .I" o S is a closed graph operator.Since

m

lue—At T
hn + W/O Z t tk ]k In(tk)) € F(SF,Xn)

Since x,, — z,,it follows from LemmaZ.l that

Nt m

ot 2 Mo = 3 Gl 0) = [ Gl (5)ds,

k=1

for some f, € Spg,.

Step5. Now we show that the set M := {z € Q: x € AN(z), for some 0 <
A < 1} is bounded.
Let z € M. Then,x € AN for some 0 < A\ < 1. So,for each t € J,

—At

Mﬂ:A}f?;ﬁA ck+/ @+§3Gtm1g()ﬂ

o] < b el [ 1ol 3 ()}
< et |ds+r|souy+k§:1|fk (@(t)]}
s (O P A SYVAE )

1 k=1
Iy € C(R,R)(k=1,2,---,m),are bounded,thus M is bounded.
From stepl-stepb,we deduce that N has a fixed point which is a solution
of (3.1).

Theorem 3.1. Assume that (H;),(Hy) and (Hj) are satisfied.Then,
(1.1) has at least one solution between « and /.

Proof. Consider the modified problem,
() + Mx(t) € Fi(t,z(t), t #t, t € J=[0,T],

A{L‘(tk) = Ik(l‘(tk)), k= 1,2, s, M, (32)
2(0) + p Jo @(s)ds = x(T),p <0
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where

F(t,B@1) +A8(@1), if z(t) > B8(),
Fi(t,z(t)) = F(t,B(t) + Az(t), if at) <x(t) < B(¢),
F(t,B(t) + Aa(t), if x(t) < a(t).

Then,by similar arguments to that in Lemm3.3.,one can easily obtain that
(3.2)has a solution x.Now,we will show that z satisfies «(t) < z(t) < B(t),
for t € J. We claim that z(t) < §(t) on ¢t € JIf this is not true,let m(t) =
z(t)—B(t),then m(t) assumes a positive maximum at some ¢y € [, 5], k =
0,1,---,m
We consider two possible cases.

Case 1. ty € [t} t;,,],then,there exists ¢} € [t}, ;) such that

0 <m(t) <mlty),t € [t tol.

Consequently,we have 2'(t) + Az(t) € F(t, 5(t)) + A\G(t) a.e.on [t}, to].
thus,there exists wv(t) € F(t,[(t)) a.e. on [t},to] with v(t) < v,(t) a.e. on
[t7, to].such that

o' (t) + Ax(t) = v(t) + A\B(t) a.e.on [t} to].
Hence

olto) —alt)) = [ " lu(s) = Aa(s) + AB(0)]ds

X
to

< | lva(s) = Az (s) — B(1))]ds

t*

to
< Blte) — B — A / ))ds.

This yields x(to) — z(t5) < B(to) — B(t;). Then, m(ty) < m(t;).It is a contra-
diction.

Case 2. ty = t; .From case(1),we claim z(t;) < 3(t; ). On the other hand,
z(th) — B(th) > 0,A8(t) = B(t) — B(ty), Ax(ty,) = x(t}) — x(t;, ).Hence ,we
have AB(t) < Az(ty). Using (H3),we obtain

AB(tr) < Ax(te) = Le(x(tr)) < Le(B(tk)) < AB(tx),
which is a contradiction.

Consequently, x(t) < §(t), for all t € J.Similarly,we can prove that
a(t) < x(t) on J. The proof of the theorem is complete.
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