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Abstract. In this paper, we introduce a new class of sets called 7-generalized
semi-preclosed, briefly wgsp-closed. We study some of its basic properties. This

class of sets is strictly placed between the class of wgp-closed sets and the class
of gspr-closed sets.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper (X,7) and (Y, o) represent topological spaces on
which no separation axioms are assumed unless otherwise mentioned. For a

subset A of a (X, 7) space, CI(A), Int(A) and A¢ denote the closure of A, the
interior of A and the complement of A in X, respectively.
We recall the following definitions, which are useful in the sequel.

Definition 1.1. A subset A of a space X is called:
(i) semi-open [5] if A C Cl(Int (A)).

(i1) preopen [6] if A C Int (Cl(A)).

(111) a-open [7] if A C Int (Cl (Int (A))).
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(iv) B-open [1] (=semi-preopen [2]) if A C Cl(Int (Cl(A))).
(v) regular open [9] if A = Int (C1(A)).

(vi) w-open [10] if A is the union of regular open sets.

The complements of the above mentioned sets are called semi-closed, pre-
closed, a-closed, (3-closed (= semi-preclosed), regular closed and 7-closed, re-
spectively.

The preclosure (resp. semi-preclosure) of a subset A of X, denoted by
pCl(A) (resp. spCl(A)) is the intersection of all preclosed (resp. semi-
preclosed) sets containing A. The semi-preinterior of A, denoted by spInt(A)
is the union of all semi-preopen sets contained in A.

It is well known that semi-open sets as well as preopen sets are semi-preopen,
any union of semi-preopen sets is semi-preopen, and that the intersection of a
semi-preopen set with an a-open set is semi-preopen.

Definition 1.2. A subset A of a space X is called:

(i) mg-closed [3] if C1(A) C U whenever A C U and U is w-open.

(i1) mgp-closed [8] if pCl(A) C U whenever A C U and U is m-open.

(7ii) gspr-closed [4] if sp C1(A) C U whenever A C U and U is reqular open.

The complement of a wg-closed (resp. mgp-closed, gspr-closed) set is said to
be mg-open (resp. wgp-open, gspr-open).
2. m-GENERALIZED SEMI-PRECLOSED SETS

Definition 2.1. A subset A of a space X is called w-generalized semi-preclosed
(briefly mgsp-closed) if spCl(A) C U whenever A C U and U is m-open. The
complement of a wgsp-closed set is called wgsp-open. The w-kernel (m-ker (A))
of A is the intersection of all wm-open sets containing A.

Remark 2.2. A subset A of a space (X, T) is mgsp-closed if and only if sp C1(A)
C m-ker(A).

Remark 2.3. Every semi-preclosed set is mgsp-closed.
Remark 2.4. Fvery wgsp-closed is gspr-closed.
Proposition 2.5. Every mgp-closed set is mgsp-closed.

Proof. Let A be mgp-closed in (X, 7) and A C U where U is m-open. Since A is
mgp-closed, p Cl(A) C U. Since every preclosed set is semi-preclosed, sp C1(A)
C pCl(A). Therefore, sp Cl(A) C U. Hence, A is mgp-closed. O

The following diagram summarizes the implications among the introduced
concept and other related concepts.
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mg-closed —  mgp-closed

l

semi-preclosed — mwgsp-closed — gspr-closed

Remark 2.6. The following three examples show that the converses of Re-
marks 2.3, 2.4 and Proposition 2.5 are not true in general.

Example 2.7. Let X = {a,b,c} and 7 = {¢,{a}, X}. Then the set {a} is
mwgsp-closed in (X, T) (observe that the only regular open (m-open) set contain-
ing {a} is X ). However, {a} is not semi-preclosed.

Example 2.8. Let X = {a,b,c} and 7 = {¢,{a},{b},{a,b}, X}. Then the
set {a,b} is gspr-closed in (X, T) (observe that the only reqular open set con-
taining {a, b} is X ). However, {a,b} is not wgsp-closed (observe that {a},{b}
are reqular open and thus {a, b} is w-open, also {a,b} C {a,b} and spCl({a,b}) =
X ¢ {a,b}).

Example 2.9. Let X = {a,b,c,d} and T = {¢,{a,b},{c},{a,b,c}, X}. Then
the set {a,b} is wgsp-closed in (X, T) as it is semi-preclosed. However, {a,b}
is not wgp-closed (observe that {a,b} is reqular open and thus m-open, also

{a,b} € {a,b} and pCl({a,b}) = {a,b,d} ¢ {a,b}).
3. SOME PROPERTIES OF TGSP-CLOSED SETS
Proposition 3.1. If A is m-open and mwgsp-closed, then A is semi-preclosed.

Proof. Since A is m-open and wgsp-closed, sp Cl1(A) C A, but A C sp Cl(A), so
A = spCl(A). Hence, A is semi-preclosed. O

Proposition 3.2. Let A be a mgsp-closed in (X, 7). Then sp Cl(A)\A does
not contain any nonempty w-closed set.

Proof. Let F be a nonempty m-closed subset of sp CI(A)\A. Then A C X\F,
where A is mgsp-closed and X\ F' is m-open. Thus sp Cl(A) C X\ F, or equiv-
alently, F' C X\spCl(A). Since by assumption F' C spCl(A), we get a con-
tradiction. O

Corollary 3.3. Let A be mgsp-closed in (X, 7). Then A is semi-pre-closed if
and only if sp Cl(A)\A is m-closed.

Proof. Necessity. Let A be mgsp-closed. By hypothesis sp CI(A) = A and so
sp C1(A)\A = ¢ which is m-closed.

Sufficiency. Suppose spCl(A)\A is m-closed. Then by Proposition 3.2,
sp CI(A)\A = ¢, that is, sp CI(A) = A. Hence, A is semi-preclosed. a

Proposition 3.4. If A is a mgsp-closed subset of (X, T) such that A C B C
sp Cl(A), then B is also mgsp-closed subset of (X, ).
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Proof. Let U be a m-open set in (X, 7) such that B C U. Then A C U. Since
A is wgsp-closed, then spCl(A) C U. Now, since sp Cl(A) is semi-preclosed,
spCl(B) C spCl(spCl(A)) = spCl(A) C U. Therefore, B is also a mgsp-
closed. O

Proposition 3.5. For every point x of a space X, X\{x} is wgsp-closed or
T-open.

Proof. Suppose X \{z} is not m-open. Then X is the only m-open set containing
X\{z}. Hence, X\{x} is mgsp-closed. O

Definition 3.6. A space X is called wgsp if every wgsp-closed subset of X 1is
semi-preclosed.

Proposition 3.7. A space X is wgsp if and only if every singleton of X is
m-closed or semi-preopen.

Proof. Necessity. Let x € X be such that {z} is not w-closed. Then X\ {z}
is not m-open, and thus X\ {z} is mgsp-closed. By assumption, X\ {z} is
semi-preclosed, that is, {z} is semi-preopen.

Sufficiency. Let A be a mgsp-closed subset of X and let = € spCI(A). By
assumption, we have the following two cases:

(i) x is semi-preopen, but x € sp Cl(A), so x € A.

(ii) = is m-closed. Then by Proposition 3.2, z ¢ spCIl(A)\A4, but x €
spCl(A), so x € A.

Hence, sp Cl(A) = A, that is, A is semi-preclosed. O

4. mgsp-OPEN SETS

The following corollary is an immediate consequence of the fact that sp CI(X\A) =
X\spInt(A).

Corollary 4.1. A set A in a topological space (X, T) is mgsp-open if and only
if I C spInt(A) whenever F' is m-closed in (X, 7) and F C A.

Corollary 4.2. If spInt(A) C B C A and A is wgsp-open, then B is mgsp-
open.

Proof. Follows from Corollary 4.1. O

Proposition 4.3. If a set A is mgsp-open in a topological space (X, 1), then
G = X whenever G is m-open in (X, 1) and spInt(A) U A° C G.

Proof. Suppose that G is m-open and sp Int(A)UA® C G. Now G¢ C sp Cl(A°)N
A = spCl(A°)\ A°. Since G° is m-closed and A€ is wgsp-closed, by Proposition
3.2, G°= ¢ and hence G = X. O
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Proposition 4.4. Let A be mgsp-open in (X, 7) and let B be a-open. Then
AN B is mgsp-open in (X, ).

Proof. Let F be any m-closed subset of X such that I C AN B. Hence FF C A
and by Corollary 4.1, F' C spInt(A) = |J{U : U is semi-preopen and U C A}.
Obviously, F' C |J(U N B), where U is a semi-preopen set in X contained in A.
Since U N B is a semi-preopen set contained in AN B for each semi-preopen set
U contained in A, F' C spInt(ANB), and by Corollary 4.1, AN B is mgsp-open
in X. 0

Proposition 4.5. Let (X, 7) be a topological space and A, B C X. If B is
mwgsp-open and spInt(B) C A, then AN B is wgsp-open.

Proof. Since B is mgsp-open and spInt(B) C A, spInt(B) C AN B C B. By
Corollary 4.2, AN B is wgsp-open. O

Proposition 4.6. Let (X, 7) be a space such that the family SPO(X,T) of all
semi-preopen subsets of (X, T) be closed under finite intersections. If A and B
are wgsp-open in (X, 1), then AN B is mgsp-open.

Proof. Let X\(AN B) = (X\A) U (X\B) C U, where U is m-open. Then
X\A C U and X\B C U. Since A and B are wgsp-open, sp CI(X\A) C U
and sp C1(X'\B) C U. By hypothesis, sp C1((X\A)U (X\B)) = sp CI(X\A) U
sp ClI(X\B) C U. Hence, AN B is wgsp-open. a

Proposition 4.7. If A C X is wgsp-closed, then sp C1(A)\ A is mgsp-open.
Proof. Let A be mgsp-closed and let F' be a m-closed set such that F C

sp Cl(A)\A. Then by Proposition 3.2, F = ¢. So, F C spInt(sp Cl(A)\A).
By Corollary 4.1, sp C1(A)\ A is mgsp-open. a

The following Lemma can be easily verified.
Lemma 4.8. For every subset A of a space (X, 1), spInt(sp Cl(A)\A) = ¢.

Proposition 4.9. Let A C B C X and let sp Cl(A)\A be mgsp-open. Then
sp C1I(A)\B is also wgsp-open.

Proof. Suppose spCl(A)\A is mgsp-open and let F' be a m-closed subset of
(X,7) with F* C spCl(A)\B. Then F' C spCl(A)\A. By Corollary 4.1 and
Lemma 4.8, F C spInt(spCl(A)\A) = ¢. Thus, F' = ¢ and hence, F' C
sp Int(sp C1(A)\B). O
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