International Mathematical Forum, 3, 2008, no. 18, 893 - 900
Bochner-Recurrent Nearly Kaehlerian Manifolds

Ahmad Abu-Saleem

Department of Mathematics, Al al-Bayt University
P.O. Box: 130095, Mafraq, Jordan
abusaleem2@yahoo.com

Abstract

In this paper it has been proved that the Bochner-recurrent nearly
Kaehlerian manifold is either Bochner-symmetrical or a Bochner-recurrent
Kaehlerian manifold. It has also been proved that the non-trivially
Bochner-recurrent nearly Kaehlerian manifold with the recurrent Ricci
tensor is either Bochner-symmetrical, or locally holomorphic isometri-
cally to the manifold of the type M?x C™~! with the standard Kaeherian
structure.
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1 Introduction

Let M be a Riemannian manifold, 7" be a non-zero tensor field (tensor) of the
type (r,s) on M. It is said that tensor 7', is recurrent if there is 1-form p on
M such that

VT =pxT,

where V is the Riemannian connection on M. The 1-form p is called the
recurrence covector. The Riemannian manifold which is allowing field of the
recurrent tensor 7 is called T-recurrent. If p = 0 then the manifold is called
T-symmetrical, and if p # 0 then it is called nontrivially T-recurrent. The
Riemannian manifolds with recurrent curvature tensor of one or another form
are widely studied in the differential geometry. This is mostly explained by
their important role in the general theory of a relativity. The interest to these
manifolds arise in connection with will-known Hadamard’s problem, whether it
is possible to develop the theory of gravitation and electrostatics in accordance
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with Newton’s and Coulomb’s laws within the framework of the Riemannian
geometry?

The solution of this problem has lead to study of harmonic manifolds.
Some example of this manifolds were obtained by Ruse, they are found to be
the manifolds with recurrent tensor R of Riemannian curvature [2]. This work
by Ruse was the starting point of the study of the Riemannian manifolds with
the recurrent tensor of Riemannian curvature, moreconcisely the recurrent of
Riemannian manifolds. The existence of the recurrent tensor of the type (3,1)
on Riemannian manifold lay on a powerful restriction on the geometry of this
manifold. For example, it is known that a complete Riemannian manifold
with the recurrent curvature tensor is a factor manifold of 1 -connected of
Riemannian symmetrical space or manifold of the type M? x R"~? according
to the discrete subgroup of isometrics [3].

Some authors, studied the Kaehlerian manifolds with the recurrent curva-
ture tensor of one or another form [4, 5].

In the present work, we give the profound description of an important class
of nearly Kaehlerian manifolds with the recurrent Bochner curvature tensor
(Bochner-recurrent N K-manifolds), by generalization the well-known results
in this direction.

2 Preliminaries

Let M be an almost Hermitian manifold with an almost Hermition structure
(J,g=1{(,.), J* =—id, (JX,JY) = (X,Y),dim (M) = 2n > 2, and let x (M)
be the Lie algebra of C'* vector fields on M, V be the Riemannian connection
and d is the operator of the exterior differentiation.

It is well known that representation of an almost Harmitian structure on
M is equivalent to the representation of G-structure on M with the structural
group U (n), this group is a space which elements are the frames consisting
of pairwise of dual eigenvectors of structural endomorphism J and unitary
in the natural Hermitian metric of complexification of the corresponding tan-
gent space (such frames are called A-frame) [7]. This G-structure is called
adjoined. We will presuppose that indices i, j, k, ... range from 1 to 2n, the
indices a, b, c,d, f, g, h range from 1 to n and @ = a + n, . We will denote by
la,...,b] and (a, ..., b) the alternation and symmetrization by the indices a, ..., b
respectively. It is easy verify that in the associated space of the G-structure
the components of tensors g and J are given by the following matrices

0 I, N (i, 0
(gij):<[n 0 >;(Jj)=<0 —z’In>’

where [,,— is the identity matrix of order n.
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From[6, 7], we note that an almost Hermitian structure is called nearly
Kaehlerian (in short, NK-) structure if its fundamental form Q(X,Y) =
(X, JY) is a killing form or that is equivalent to

Vx(J)X=0; X ex(M).

The nearly Kaehlerian structure is called Kaehlerian if VJ = 0 otherwise
it’s proper. It is well known [7] that the structural equations of the Rie-
mannian connection of a nearly Kaehlerian structure on the space of a joined
G-structure (called structural equations of the nearly Kaehlerian structure)
have the following form:

1. dw® = wy A w® + BYw, A wy;
2. dw, = —w’ Awy+ Bapew® AW (1)
3. dwf = wl Awf+ (2B By + AL) w A wa;

where w, = w?, {Babc}, {Buap} and {Agf} are the system of functions in
the associated space of the G-structure serving the components of the complex
tensors on M. these tensors are called Kirichenko structural tensors of the first,
second and third order respectively. Being so, the structural tensors of the first
and second order are skew-symmetric and the structural tensor of the third
order is symmetrical by any pair of superscript or subscript [7].

In addition it is known that the components of the Kirichenko structural
tensors of the first and second order of a N K-manifold are satisfy the following
identities

1. dBabc . Bhbcwz . Bahcwz . Babhw? — O7

2. dBabc - Bhbcwg - Bahcw[}; - Babhw}CL = 07 (2)

The relationship(2) is equivalent to parallelism of these tensor in the as-
sociated connection [8] and components of the Kirichenko structural tensor of
the third order are satisfy the following identity:

ad ad, h ad, h hd, .a ah, d ad , h adh .
dApe + Apewy + Appw, — Apewy, — Aplwy, = Apgw™ + Ay wp; (3)

where éA,‘jgh} and {Aggh} are the system of functions in the space of the a
joined G-structure that are used for the components of the covariant differential
structural tensor of the third order in the associated connection, and they are
symmetrical by any pair of superscript or subscript, (we call to mind that the
associated connection (extended ) of almost Hermitian manifold is called the
connection V = V + T, where T is the composite tensor of the adjoint Q-
algebra [9]). As well we call to mind that the components of structural tensor
of N K-manifold are satisfying the formula of complex continuation [7]:
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B = B = A o
We can note that the structural tensor of the 150 and 289 order vanish precisely,

when the manifold is Kaehlerian [7]. For convenience we will take the following
notations:

ad adh . a __ pac, __ pa. a __ pac _ a
Bbc :B Bth) Bb _Bbc’ .B—.Ba7 Ab— bC’A_ Aa.

Let R, @, N are Riemann-Christofel tensor, Ricci tensor and scalar curvature
of the manifold M respectively. We call to mind that the main nonzero com-
ponents of these tensors on the space of the G-structure (i.e. in an A-frame)
for a N K-manifold have the following form respectively[10]:

Rypg = —2B; Rypeq = B + ALl Rapea = Rapea = 0; (5)
Quw = 0; Qup =3B — A% X =68 —2A.

The other nonzero components of these tensors are calculated with regard to
the reality and classical characteristics of symmetry of these tensors.

Definition 1 [11]. The Bochner tensor of an almost Hermitian manifold
M?" is called the tensor B of the type (4,0) on M?* which is defined by the
formula:

B(X,Y,Z,W) = R(X,Y,Z,W)+L(X,W)g(Y,Z)—L(X,Z)g(Y,W)
+L(Y,Z)g(X, W) = L(Y,W)g(X,Z)+ L(JX,W)g(JY,Z)
—L(JX,Z)g(JY,W)+L(JY,Z)g(JX,W)—L(JY,W)g(JX,Z)
2L (JX,Y)g(JZ,W)—2L(JZ,W)g(JX,Y),

where L(X,Y) = —55Q(X,Y) + mg (X,Y) the Ricci-Bochner
bilinear form, X, Y, Z, W € x (M*");

It will known [10] that this tensor having all symmetry properties of the
Riemann-Christofel tensor R.( the tensor of Riemannian curvature ).

As is shown in [1] the main nonzero component of the Bochner tensor in
the space of the G-structure are the following:

1-B;abcd = Bapea = 0; (6)
2.Bijea = —2B;

B a a 4 acd acd ~ zad
3.Bueq = Bie + A + P (33((b5c)) - Aﬁbéc))) — 4N0,,

~ad ~
where 0. = 080%+0%0, R = m and the other nonzero components of

this tensor are calculated with regard to the reality and classical characteristics
of symmetry of the Bochner tensor.
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3 Main Results

Now suppose that M2" is a B-recurrent of N K-manifold, then VB = PR B
which has the following writing coordinate form.

S
lecl,t = ptBj;

J

we consider this identity in the fiber space of A-frames i.e. B&bc in = phédbc 3
where comma (as usuall) is an index symbol of the covariant differentiation
in Riemannian connection. By virtue of (6) part (3) and Qf = 3By — Af, we
have
1 ~ ~ad
Apdh, + it (Qgh5g + Q05 + Qi + Qgh(sg) — ARy0p, (7)
a a 1 a a a a 5 zad
= P [Abg + By + nio (Qb(sg + Qioy + Qe + Q?f(&) - 4N5bc:| ;
It is known that [7] Qf = 3By — Af, then Qf, = —Af,; Substituting in (7 ),
we have
ad 1 a sd d sa a sa d sa 5 fad
Apen, — D (Abh(sc + A0y + Aoy + Abh(sc) — ARp0y,,
1 -~ =ad
— n A B+ (QROY + Qo+ Qud + Qi) — 45| (3)

by contracting (8) by indices a and b, we have

d 1

) (Ah(Sf +nAG, + AG, + Agh) — 4Ry, (n+1) 67

1 -

1 1 -
d d - d d
A%, —— (n+ 2) A%, —y 2Ahéc ANy, (n+ 1) 68

1
— Ad Bd
ph{c—i_ C+n—|—2

1 -
d d _ dl .
(n+ Q! + — Q¥ — R (n+ 1)

1 N
——Ap0% — 4N 1)6¢
gl n(n+1)0;

1 ~
— AL+ B Q4 —Qut — AR (n 1) 0
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but R = Q! = 2Q% = 6B* — 24, consequently N, = —2A%, then

- —24, B — Ay .
T8+ 1) (n+2) 4(n+1)(n+2)

Substituting in (9) X, and with Q¢ = 3B% — A%, we can see that

1 d dn+1)A, [( d 1 d) ~d}
- = 4B —Q%) -4 1) N&¢|
n+ 2 hc+4(n+1)(n+2) ¢ = Ph C+n+2QC (n+1)Ro |5
Hence,

[ 1 68 — 2A
0 = 4B% + — 5d>—4 1) - d
Ph < C—i_n—I—ZQC (n+1) 8(n+1)(n+2)°
r 1 3B— A
0 = 4B + —— 5d)— 5d]
Ph ( C+n+2QC n+2 ¢
- 1 0
= 4B% 4 —— 5d)——5d}:4 B = 0:
ph -( c+n+2Qc n+20 ph c bl

Consequently either
1. pp = 0;ie. VB = 0= M?"-Bochner symmetrical manifold.
or,
2. B =0;i.e BB, = 0, by contracting by indices d and ¢ we have
Bcathah =0= Z Bcathah =0= E |Bcah|2 =0= Bcah = O> Le

c,a,h=1 c,a,h=1
M?" is a Kaehlerian manifold [7].
Thus we have proved the following result:
Theorem 1. The Bochner recurrent (B-recurrent) N K-manifold is a
Bochner symmetrical manifold or a Bochner recurrent Kaehlerian manifold.
Now assume that M?" is a B-recurrent Kaehlerian manifold, then we can
rewrite formula (6) part (3) in the following form

~ @ 4 aod ~ ~ad
Biped = Abg - —QAEM;C)) — 4AN0y, ;

Let us differentiate this relationship with regard to B-recurrence of the mani-
fold

4

@ 4 (a ¢d) ~ wad a
; A0y — Bidye = pi | Aje — n+2

~ ~ad
_ 59 — 4ARN§
bch n -+ 2 be

(a
Ab c)

%) (

where A% = A
On the other hand, by breaking down the relationship

dQij + Qujw! + Quuw’ = Qijpw”
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(which is equivalent to that @ is a tensor of the type (2,0)) with regard to (5)
we have A7, = —(Q)j ., and hence

4 SR 4 ~ =
Apd + I 2?(1;55)) — 4R, bp = pn | AR + mAEZ5f>’ —ANG |5 (10)

In particular, assume that M?" is BQ—recurrent, i.e. it has additionally
the recurrent Ricci tensor (with the same recurrence covector) then obvious
that @4, = Qp, = pnQE, N, = ppR, and by virtue of(10) taking the form
Agd = p, A% means tnat 1t is a recurrent [7]; with the account of [7], M?" is
locally holomorphic isometrical to the product of the two-dimensional Kaehle-
rian manifold M? by the complex Euclidean space C™~! with the standard
Kaehlerian structure. Taking into account Theorem 1, we get:

Theorem 2.The B()—recurrent nearly Kaehlerian manifold is either B-
symmetric or locally holomorphic isometrically to the manifold of the type
M? x O™ ! with the standard Kaehlerian structure.
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