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1. Introduction.

The set of integers,Z:{...,—n,...,—l,O,l,...,n,...};, is the most important and simplest
Integral Domain. This ring is Euclidean and thus a Unique Factorization Domain (UFD).
It is also a Principal Ideal Domain (PID), thus all ideals of this ring are principal and are
given by:

(m)y={kmlk ez}, forallmeZ.

So the factor rings of Z , are given by %Z =Z,.

In an attempt to formulate and prove the Reciprocity Theorem, one of the most important
and beautiful Theorems in Number theory arose, Carl Friedrich Gauss realized that he
needed to look beyond the set of integers. For this reason Gauss introduced “Complex
Integer Numbers” [3]. These numbers are now known as Gaussian integers. The Gaussian
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integers are sitting in the field of complex numbers, [J and by inherited addition and
multiplication operations from [J they constitute an integral domain which is a UFD
[1],[7]. In general we can consider some imaginary extensions of the ring of integers as
follows.

LetpeZ,p>1be a prime number, and let &£be a primitive root of the
equationx” +a=0, where ais an integer; i.e. a number for which
EP =—abuté&? = -afor all q,0<q<p. Then
Z[g]z{ao+a1§+---+ap71§"‘1|ai €eZ,0<i< p—l} with appropriate operations is an
extension of Z .

In 1847 Gabriel Lame announced that he had a complete proof of the Last Fermat’s
Theorem. In his proof, he used the identity x° +y® =(x+y)(x+ y§)---(x+ y§p‘l)where

p and &£are as above, with the assumption that all extensions of Zare UFD. Before the
Lame’s work, Ernst Kummer had already proven that some of these extensions are not

UFD. For example in Z[\/—_S} we have:

6=23=(1+-5)(1--5)

In connection with this observation, Kummer defined his Ideal Numbers. This led
directly to Richard Dedekind’s development of Algebraic Number Theory in 1870s.
Dedekind introduced a form of unique factorization using ideals instead of numbers.
LetR be an integral domain for which there exists a subsetP such that every non zero

element x of R can be written, in a unique way as

X = 81_[ p'

peP
Where ¢ is a unit element in R and v, (x) are non-negative integers, all but a finitely many

are zero. In the other words the set(Rp)peP of principal ideals that coincide with the set of

maximal principal ideals distinct from R, is uniquely determined.

A unique factorization domain has also a very simple geometric interpretation. In
geometry a ring R occurs as a ring of functions defined on some varietyV . If n denotes
the dimension ofV, thenRis a U.F.D means that every subvarietyW of
dimensionn—1can be defined by a single equation.

One of the fundamental differences between Z and its extensions is the structure of their

Factor Rings. As we know the factor rings of Z , are %Z =Z_which are isomorphic to
the ring {0,1, 2---,m —1} modulo m. Even when m is a composite number like
m=p,“p,”--- p,”, we can use Chinese reminder theorem to factor Z_as
Z =Z .72 ,&---®Z , .

Py 23 Pr
The structure of factor rings for Z[g] is much more complicated. This structure has been
studied for Gaussian integers [2]. In this paper we will characterize the structure of factor
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rings for Z[§]when &= iv2. Consequently, we can recognize prime numbers (elements)
and their ramifications inZ[i\/ﬂ :

2. The ring z[ V=2 |and its factor rings.

Let Z be the ring of integers and set

Z[«/Z}:{a+b\/3|a,bez}.
Lemma 2.1. Z[«/z} With the following operations is an integral Domain.
Addition: (a+b\/3)+(c+dx/3):(a+c)+(b+d)x/3
Multiplication: (a+b\/3)(c+d\/—_2) =(ac—2bd)+(ad +bc)v-2
Definition 2.1. The function v : Z[\/Z} —1{0,1,2,-+,n,---} defined by

v(a+b«/§) =a’+2b°

Is called a norm function and has the following properties:
(i)- v(x)>0, foeallxe Z[\/E} . Further v(x) =0ifand only ifx=0.

(ii)- v(xy)=v(x)v(y), for aIIx,yeZ[\/Z]
Lemma 2.2. Above norm turns Z[\/Z} into a Euclidean and hence a Principal Ideal

Domain (PID), and a Unique Factorization Domain (U.F.D).
Definition 2.2. (Legendre’s Symbols). Let p € Z be a prime number. Then the Legendre’s

symbol, denoted by(;], for each integer,a e Z is defined by
p
1, if there is an integer x € Z, such that x* = a(mod p),
— |=1-1, ifthere is no integer x € Z, such that x* = a(mod p),
0, ifpdividesa
Theorem 2.1. The Legendre’s symbol has the following property:

(i)-(a—bj = (Ej [Ej , for all integersa,be Z
p ALY

(i))-a=b(mod p) = (%) :(%}

Proof. See any standard number theory book e.g. [5], or [7].
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Theorem 2.2. (Quadratic Reciprocity Theorem). Let peZbe an odd prime number.
Then:

e R

-1, if p=3(mod4)

_(2) _|L ifp=1lor7(mod8),
(ii)- (Bj ) {—1, if p=3or 5(mod8)
Proof. See [5] or [7].
Corollary 2.1. (__Zj _ {1, if- p=1or3(mod8), |
p) (-1 ifp=5o0r7(mod8)
-2 2\( -1

Proof. By Theorem 2.1, part (1) we have (?j = (B] (Fj :

Since p=1(mod8)and p =5(mod8)imply p=1(mod4),

and p=3(mod8)and p=7(mod8) imply p=3(mod4) we get the result from Theorem
2.2.

Lemma 2.3. The only units (invertible) elements in Z[\/—_Z} arex1.

Theorem 2.3. Let me Z,m>1be an integer. Then

Z[ﬁ%>;zm [\/—_2]
Proof. Define f :Z[\/E} ->Z, [\/3] by:
f(a+bv=2)=[a], +[b], v-2
Where []m represents the equivalence class modulo m. Then f is an onto ring

homomorphism with ker ( f ) =(m). Now the result by the first homomorphism Theorem.

Proposition 2.1. A positive prime number p € Z, can be written as p = a* +2b* for some
integersa,b e Z, if and only if either p =2, p=1(mod8) or p =3(mod8).
Proof. If p= 2, then2=0>+2(1)°. If p=a®+2b*and a =0, then b must be +1. Thus p =
2.
Letp>2. If p=a®+2b*, then it is obvious that a must be odd, so leta =2k +1, for
somek e Z . If b=2l,for somel € Z, then we have

p=(2k+1)" +2(21)

= 4k® + 4k +1+8I?

:8(@+Ij+l
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Thus p=1(mod8). (Note thatk (k +1)is divisible by 2 for all integers k.) If b=2I+1 for
somel € Z, then we have
p=(2k+1)" +2(2I +1)’
=4k* + 4k +1+81% +8l +2

=8£@+I(I+1)J+3

Thus p =3(mod8).
Now letp>2andp=1(mod8) orp=3(mod8). Then from Corollary 2.1 we

have(_—pzjzl, thus there is an integer x e Zsuch thatx* =-2(mod p) i.e. x*=-2+ pt,

for someteZandO<t<p. This is the same asx’+2(1)*=pt, for
someteZand O<t<p. Ift=1, we are done. If t>2, then we can choose
integer y € Z such that

t t
=x(modt),and——<y<—
y =x(modt) 5 <Y <3
From here and reflexive property of congruence relation we get:
y? =x*(modt),
2=2(modt)
Thus(y2 +2) s(x2 +2) =0(modt). Thus for somereZ1<r<twe havey’+2=rt.
Since we also have x* + 2 = pt, by multiplying these two equalities side by side we will
get
(y2 +2)(x2+2): prt? (1)
The product on the left hand side of this equality can be written as:
(y2+2)(x2+2):(xy+2)2+2(x—y)2 2)
Thus by combining equations (1) and (2) we get:
(xy+2)2 +2(x— y)2 = prt?
The relationship between x and y show that(xy+2)2 and(x— y)2 are both divisible byt?.
So by dividing both sides of above equation we obtain
2 2
(xy+2] +2(x—yj _or
t t

This equation shows that a smaller multiple of p can be written as a® +2b*. If r = 1, we
are done, if not, we can repeat the above procedure. After a finite number of steps of
repetition we get the result.
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Definition  23. A polynomialq(x)eZ [x]is said to be irreducible
inZ [ x]whenever q(x) =a(x)b(x)witha(x),b(x)eZ [X], then one of
a(x)orb(x)has degree O (i.e., is a constant).

Remark 21. Z 6 is the factor ring%zwhich is isomorphic to the ring

{0,1,2---, p—1} modulo p.

Proposition 2.2. Let p € Z be an odd prime number. Then x* + 2 inZ, [x] is irreducible if

and only if p=5 or 7(mod8).

Proof. Letp=5or7(mod8). Then x?+2is reducible if and only if
2

x2+250(m0d p)has a solution i.e.,(_?jzl. Thus by Corollary 2.1 we must

have p=1or 3(mod8)which is contrary to our assumption, thusx®+2is irreducible.
Conversely let X +2 is irreducible inZ_[x]. If

p
thata® =-2(mod p); from here we getx”+2=(x+a)(x—a)which is contrary to our

assumption.

p =5 or 7(mod8)then p=1or 3(mod8). So [_—zjzli.e., there is someae Zsuch

Theorem 2.4. LetpeZbe an odd prime number such thatp=5 or7(mod8). Then
Z,[V=2]is afield,
Proof. Define f :Zp[x]azp[@] by:

f(a)=a, aeZ,

f(x)=v-2
And extend it toZ [x]as a ring homomorphism. Now note that f is onto
with ker(f):<x2 +2>. Since p=5 or 7(mod8)by proposition 2.2, x*+2is irreducible
inZ [x],thusZ, [x]/<x2 + 2> is a field. Now apply the first Isomorphism Theorem.

Theorem 2.5. Let a and b be two integers that are relatively prime. Then
z[V-2]
<a+ b\/3>

11

Za2+2b2
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Proof. Since a,and b are relatively prim so a and a®+2b?, and b and a’+2b*are
relatively prime as well. So a*,andb™exist anda™,b*eZ . Now define

f: Z[\/Z} —>Z, 0 by

a?+2b?

f (x+ y\/z): x—ab™y(moda’ +2b* )
Then f is an onto ring homomorphism:

f (x+ yv—2 + X'+ y'ﬁ): f ((x+x')+(y+ y)\/z)
(x+x")—ab™(y+ y')(moda2 +2b2)
(x—ab™y)+(x'—ab™y')(moda’ +2b*)
=f (x+y\/3)+ f (x‘+ y\/—_Z)

Before we show that f preserves rings multiplicative structures note that:

a’ +2b? zo(moda2 +2b2):> a’h? +250(m0d a’ +2b2)

Thus(ab‘l)2 = —2(mod a’+ 2b2). Now from here we get:
f((x+y\/§)(x'+ y‘\/z)): f((xx'—2yy‘)+(xy'+ x‘y)@)
=(xx'-2yy')—ab™ (xy'+x'y)(moda® + 20°)
(x - ab‘ly)(x'— ab‘ly')(mod a’+ 2b2)
f(x+ y\/z) f (x‘+ y'\/z)

Sincef(a+b\/—_2):a—ab‘1b:0, so<a+b\/3>cker(f). Now
letx+ yv/-2 € ker(f). Then we have

x—ab™y=0(moda’ +2b)

i.e.
x—ab'y =k(a’+2b*) < bx—ay =kb(a*+2b*), for somek € Z (3)
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From equation on the right hand side of (3) we deduce that b must divide y because a and
b are relatively prime. So y = Ab, for some 4 € Z . From here and (3) we get

x:/1a+k(a2+2b2)
x+yv-2 = a+k(a? +2b?)+ Abv/-2
—}L(a+b\/_) k(a®+2b%)
= A(a+bv=2)+k(a-bv-2)(a+by-2)
(/1+ka \/_2)(a+b\/_)
Thusx+y\/_2€<a+b\/_>|e ker(f)c <a+b\/_> Soker(f)=<a+b\/3>. It is

obvious that f is onto, so the result.

Corollary 2.2. Up to a sign, there are three type prime elements in Z[\/z] as follows:
(i)-@ = p, where p € Z is a prime such that p =5 or 7(mod8).
(ii)- 7 =a+b~/=2 Such thata® + 2b%is a prime in Z..

(iii)- =2

Proof. This is a consequence of the Theorems 2.4 and 2.5.

Remark 2.2. r=+/-2is a prime of the type;r:a+b\/3, however, we consider it
separately because, this prime is related to the ramified prime.

Corollary 2.3. Every element ' =a+ bv-2 e Z[\/—_Z] can be factored as:
C=a+by/-2= [Hw j(Hﬂ'ﬂjjj(E)n
i
Whereeg e {—1,1} ,a;, B;;andnare non-negative integers ande; =0, 5; =0,for almost

alliand j. @, € Z is a prime such thatw, =5 or 7(mod8), andv(;rj)is aprimeinZ.

Letu +v~+/—-2 =H7rﬂ"j. Then one can easily show that u and v are relatively prime

andH‘;rﬁj j‘ =u?+2v®. Thus by Theorem 2.5 we have:
i

Z|:\/__2] =Z 212v?
s
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Z[ 2]
Also by Theorem 2.3 we have

<Hwal>szp[\/_2] where P :Hw“ii :

. From here and by Theorem

" (-2)", if n =2k
Now letd, = J-2) . Then =
“=(v2) g {(2)kﬁ, ifn=2k+1

2.3 we get:

Z[\/z%>;zzk [V-2]

Whenever n = 2k. For other cases we have:
Theorem 2.6. For n =1, we have:

z[ﬁ%@ i Z[x/_%\/_2> .

Proof. Define f:Z|V-2|—>Z by f(x+ y\/—_2 =[x|,. Here|x]| is the equivalence
[ 2 2 2

class modulo 2. f is an onto ring homomorphism:

f((x+y\/3)+(x'+ y‘\/z)): f((x+x')+(y+ y)\/z)

= f(x+y\/3)+f(x'+y'\/—_2)
and
f((x+y\/3)(x'+ y'\/Z)): f((xx‘—2yy')+(xy'+ x'y)@)
=[XXI_2ny]2
=[x, [x];
= f(x+y\/§)f(x'+y'«/3)

Since f (V-2)=[0],, so<\/3>cker(f). Now letx+ yv/-2 e ker( f),
then f (x+ y\/z):[x]2 =[0],s0x=2I, for some | € Z. From here we get

X+ y\/—_2=2I+y\/3=(y—lx/—_2)\/ze<\/3>

Thus ker(f)= <\/3> Now the result by the first Isomorphism Theorem.
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Theorem 27. Let n = 2k +1 andk>0. Then ¢ =(—2)k\/—_2and from

n

here . In this case we have:

\/_
2kx 2K+ 2 +2>
Proof. Define f : Z /

f(p(x))—[p(r forp(x ]
Here[ p(\/zﬂ = [ p(\/z)}@w—z)

function iS a ring  homomorphism. It is onto  because  for

every[a+bx/3} € Z[\/_%\/_2> if we take p(x) =a+bxwe have

f(p(x))=f(a+bx)
:[a+bx/3}

Obviously we have

f(2kx):[2kx/§}

IIZ

is equivalence class modulo<2k \/—2>. f as evaluation

=[0]
and
(2k+l) [2k+1]
-2 (22
=[0]
and

f(x2+2)={(\/—_2)2+2}
=[0]
So<2kx,2k*1,x2+2>cker(f). Now letp(x)eker(f). Then by division algorithm
inZ[x] we have
p(x)=q(x)(X* +2)+ax+b, for someq(x)e Z[x], anda,be Z.
Then one gets
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f (p(x))=[a\/—_2+b}
[0]

This forces us to have

av—2+b=A2J-2, forsome/lzc+d\/3ez[\/3}

So we have

a+by-2 =2 (c+d\/3)\/3
=2k (—2d +c\/3)
And this gives usa =—-2""d, and b = 2“c. From here we have
p(x):q(x)(x2+2)+(—2k+1d)+2"cx
:q(x)(xz+2)+c(2"x)—d(2k+1)e<2"x,2k*1,x2+2>

Thusker(f)c <2k X, 25 X% + 2>. This shows thatker ( f )= <2k X, 2" X2 +2>. Now proof
Is complete.

Corollary 2.4. Let notation be as in the Corollary 2.3 and onward. Then:
z|V-2] z|V-2]
=Z, |N2|®Z, ,®
(a+by-2) [2)ez,., (<)

Where

zk[ﬁ]ifnzzk,kez,bo,

z| V=2 2 _
[ %J Z,, ifn=1,

Z x]
<2kx,2k+l,x2+2>, ifn=2k+LkeZk>0,

Proof. This is a consequence of the Chinese Remainder Theorem and Theorems 2.3, 2.5,
2.6, and 2.7 along with the Corollaries.

112
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Remark. 23. The prime number2eZis a ramified prime forZ[x/z},
because<2>:<\/3>2. In fact 2 is no longer a prime inz[ﬁ], it is associate to the
square ofaprimeinz[\/—_z}, i.e. 2:—(\/3)2.
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