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Abstract

In this paper, we study the robust properties of exponential stability of mild
solutions for some classes of impulsive stochastic integro-differential perturbed
system with function of finite delay time and supported this stability by some
important result.
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1. Introduction

The Impulsive systems arise naturally in various fields, such as mechanical
systems and biological systems, economics, etc. see [8]. Impulsive dynamical
systems exhibit the continuous evolutions of the states typically described by
ordinary differential equations coupled with instantaneous state jumps or
impulses. And the presence of impulses implies that the trajectories of the system
do not necessarily preserve the basic properties of the non-impulsive dynamical
systems. To this end the theory of impulsive differential systems has emerged as
an important area of investigation in applied sciences and impulsive stochastic
integro-differential equations studied in [1].In the last few years many papers have



1742 Sameer Qasim Hasan and Amna Hassan Ibrahim

been published about the stability of impulsive integro-differential systems [3].In
particular, the exponential stability of mild solutions of various stochastic delay
differential equations has been established [7].The conditions ensuring the
exponential stability given by [6] and[5]. The aim of this paper is to study the
existence and exponential stability of a class of impulsive control stochastic
integro-differential equations of mild solutions by using a new integral inequality.

2. Preliminaries

Let(Q,F,{F}._,.P) be a complete probability space with a filtration{F.}.,

satisfying the usual conditions. Moreover, let X,Y be two real separable Hilbert
space and let L(Y.X) denote the space of all bounded linear operators from Y to
X and let L(Y.X) denoted the space of all bounded operators from Y to X . For
simplicity, we wuse the notation || to denote the norm in XY
and ||-|| to denote the operator norm in L(X.X) and L(Y.X).Let (.) Ko denote

the inner products of X,Y, respectively . Let {W (t): t=0} denote a Y-valued
Wiener process defined on the probability space (QF {r}..,.P)with covariance
operator Q,thatis, Ew @)x) EWs)y)y = @ s)Qx,y) forallx,y €Y,
where Q is positive , self —adjoin a, trace class operator on Y. In particular, we
dente by w(t) Y-valued Q- Wiener process with respect to {r3_,.We assume that

there exists a complete orthonormal system {ei } in Y, a bounded sequence of
nonnegative real numbers A such that Qej =jeji=12,.,and a sequence {4} of

independent Brownian motions such that (w(t), e ) = {21\/7. (ej £)4 (t)eer , and
F=FR" wherer" is the s-algebra generated by {w(t):0<s<t}.Let L02 - L2(Q1\2Y;X)
be the space of all Hilbert-Schmidt operators from Q' to x with the inner
product <z ,§>Lg =tr[zQ<£][4]. Suppose that T(t) is an analytic semigroup with its

infinitesimal generator A; for literature relating to semigroup theory, we suggest
Pazy[2] .We suppose 0 ep (A),the resolvent set of —A. For any a<[0,1], it is
possible to define the fractional power (-A)* which is a closed linear operator with
its domain D(((-A)%) .In this paper we consider the following impulsive
stochastic neutral integro-differential equations with finite delay:
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dx (t)-z (t,x t—p(t)))]=Ax (t)+Bu(t)+f (t x {t—7(t ))),tjfl(t S,X (s—7(s)))ds ,tjf 2(t,s.x (s—7(s)))dw (s))

0 0
t t

+g (X E=o@))).Jg1(t.s.x (s=5(s)))ds,[g2(t.s.x (s—5(s)))dw (s))dw (t)/dt
0 0

+o(x (t—6(t))dw (t)/dt, @

Ax(ti =Xt )Xt =1 (X(t)),

X0 (-)=rpeCEo ([-.01,X),

In a real separable Hilbert space X, where u : R+ x C([-1, 0],X) =X, f: R+ x C([-,
0],X) =X, g: R«xC([-, 0],X) —»L(X, Y), f 1, gi: R+ x C([-, 0],X) =X, f2, g2:
R+xC([-1, 0],X) —»L(X, Y), oRxC([-7,01,X)—L(X, Y)are all Borel measurable; p:
Ri—>[1,0], utR+—[,0], 6:R+—[1,0], 6: R+ — (0, 7) are continuous ; A

is the infinitesimal generator of semigroup of bounded linear operators T(t),t>0
in X; B:U—X s a linear bounded operator u(-) €U Hilbert space of admissible
control functions and; lkx: X—X,. Furthermore, the fixed moments of time tx
satisfy 0< t; < ... < tm < liMi—o, tk =00, x (t ) and x(t« ) represent the right and
left limits of x(t) at t = t, respectively. Also, Ax (t) = X (t'k) — X(t'k ), represents
the jump in the state x at time tx with I determining the size of the jump. Let t >0
and C = C([-r, 0];X) denote the family of all right continuous functions with left-
hand limits n from [-t, 0] to X . The space C is assumed to be equipped with the
norm|| n || ¢ = sup eer< 0 N(0)|. Here  CPo ([, 0], X) is the family of all almost
surely bounded, Fo-measurable, continuous random variables from [z, 0] to X.

Theorem 2.1[2]: Let T (t) be a Co- semigroup generated by A. Then the following
hold:

i. For each xoe D(A); T(t) xoeD(A) (domain of A) and AT(t) xo = T(t) A Xo,V t>
0; ii. For each xo € D(A) and T(t) xoe D(A); (d/dt)(T(t)xo) = AT(t) Xo = T(t) Ao

Theorem 2.2[2]: Let X be a Banach space and let A be the infinitesimal generator
of Cosemigroup T(t) on X, satisfying | T(t) [[<me™t .

If B is a bounded linear operator on X then A+B is the infinitesimal generator of
Co semigroup S (t) satisfying | s | < me® ™ IBI*

Definition 2.1: Aprocess {x (t), t € [0, T]}, 0 < T <o, is called a mild solution of

Eq. (1) if (i) x(t) is adapted to Fe, t> 0 with [[x t)] dt <0 as;

(if) x (t) € X has cadlag paths ont € [0,T] a.s. and for each t € [0, T], x(t) satisfies
the integral equation
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t
x(t) =T O)[p(0) -z (0.x (=p(0)) +z (t, x (t - P(t))]+(f)AT (t=s)z (t,x(t - p(t)ds

t t t t
+[T (t=s)Bu(s)ds+]T (t—s)f (t,x (s—7(s))),Jf1(t,s,x (s—7(5)))ds,[f (s X (S—7(s)))dw (5))d (S)
0 0 0 0

t t t
+[T (t-8)g ((t x (s-0(s),J 91(t.s X (s—-5(s)))ds,[ ga(t,s X (s=(s))dw (s))dw (s)
0 0 0

t
+]T-s)o(x(s-&()dw (s)+ X T (-t )¢ (x (tk_)) (2)
0

0=ty <t
And Xo (.)= ¢ € C ([, 0], X).

Definition 2.2: Let p > 2 be an integer. Equation (1) is said to be exponentially
stable in the pth mean if for any initial value ¢, there exists a pair of positive
constants A and Ko such that

E [x@)|" <kglel’ce™ fort =0 In particular, if p = 2, then Eq. (1) is said to be

mean-square exponentially stable.
To establish the exponential stability of the mild solution of Eq. (1), we employ
the following assumptions:

(H1) A is the infinitesimal generator of a semigroup of bounded linear operators
S (), t>0, in X satisfying | S (t) | < Me®, t> 0, for some constants M> 1 and 0
<a€R+

(H2) u:[0,00] -»U is a feedback control input function of U Hilbert space of
admissible control Such that  u(t)= -wx(t) where W is bounded linear operator .
(Hs) (A-Bw) the perturbation infinitesimal generator of a semigroup of bounded

linear operators T(t), t > 0, in X satisfying [T(t)] < me™ %P t >0, for some
constants Mi>1land 0< @& —[[BW[) € RY,
(H4) The mappings f and g satisfy the following Lipschitz condition: there exists a
constant K for any x, y € X and t > 0 such that

t t
F(t,x)=f (t,x @), [fat.sx(s)ds, [fo(t.s.x(s))dw (s))
0 0

t

G(t,y)=g(t,x@) [grtt.s.x(s ds,(j)gz (ts.x(s))dw (s))

Fex)-F ey <kk-yl, [Bex)Sey)<kk-yl Jotx)-oty)<kx-yl.

—

o

(Hs) The mapping z(t, x) satisfies that there exists a number o € [0, 1] and a
positive constant K such that for any x, y € X and t > 0, z(t, X) € D((—( A-BW )%)

and  [ca-Bw)a(t x) - ((ABW)a(t ) < K x|
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(He) There exists a constant g such that [Ik(X) — lk(Y)| <0k |x —y | k=1,...,m,
for each x, ye X. Moreover, for the purposes of stability, we always assume that
z (t, 0) = 0, F{t)=0G(t)=0,1,(0)=0(=L2..m) Hence Eq.(1) has a trivial solution when

¢ =0.The solution of (1) by hypothesis is

t
x(t) =T O)[e(0) -z (O, x (=p(0))+z (t,x(t —pE)]+](A-BW)T (t —s)z (t,x (t —p(t))ds
0

t t t
+ T @t —s)F (t,x)ds + [T (t —s)G(t,y)dw (s)+ [T (t —=s)a(x (s —&(s))dw (S)
0 0 0

+ X TE-t)h (x()) ©)

0=ty <t

Lemma2.1: If (Hs) holds, then for any B € (0, 1]:
(i) For each x € D(- (a-Bw) )B ), T(Y)(— (A-BW) )BX = (—(A-BW) )BT (L)X;
(i) There exist positive constants Mg > 0 and (w-|Bw[)ER" such that

H(-(A-B\iv))ﬁT(t) HSM gt Pe W[ BW e £ >0,

3 Stability of mild solutions [5] [6] [7]

In this section, to establish sufficient conditions ensuring the exponential
stability in p moment (p > 2) for a mild solution to Eq. (1), we firstly establish a
new integral inequality to overcome the difficulty when the neutral term and
impulsive effects are present.

Lemma 3.1[5] For any y > 0, assume that there exist some positive constants ai (i
=1 .,m), pk(k=1,2 ...,m)and a function y : [-t ,00)—[0,0) such that
y(t) <oae'fort € [, 0]

yt)<ae™ (4)
and
t 7=t
pt)<ae™ +a, sup y(t+0)+a,Je 7 sup wt+0)+ T e K y(t)) (5)
0el-7,0] 0 0e[-7,0] 4t

foreacht >0, If

a,+3+3 B <1, (6)
7/ k=1

then
wt)<M e fort>—r (7)
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where A > 0 is the unique solution to the equation:  oze™ + aze™ /(y — 1) +

iﬂk =1and
k=1

M g=Max {al,al(y;f)}>0
af

Theorem 3.1 If (H3)-(He) hold for some o € (1/p, 1], p > 2, then the mild solution
of Eqg. (1) is exponentially stable, provided

p

ak 1—k)"*+8° 1M K P (w- || BW [)* P*(FLl+qa —q))*

-|| BW —1) 1P
+4P 1M PK P (w- || BW )P +4P e M PK » 2 i"" l)(p Dy
_ p—2
+4°7ic M PK P ( (P—2) _ )(T)
2(p —1)(w- | BW |))
+4° 7 (w+ | BW )M P(l_K)p—l(iqk)p < (w-| BW [)a—k)P* )
k=1

where ¢, = (p(p — 1)/2"%, « = K |(—(w+ || BW

)) % and M1, is defined in

Lemma3.1.
Proof From the condition (8), we can always find a number ¢ > 0 small enough
such that
P
(W-|| BW [Pk 1—k )P +8°*M P_K P (w-| BW )" (ML +qa —q))*
B} . ; 2(w-|| BW [)(p -1 +-2
+4P7IM PKC P (w-|| BW )" + 4P ¢ M PK P ( - ) 2

p-1 P P (p—2) (pTJ) P=1(\ns_ N p(_ p-1 N p
+4P7c M PK (2(p—1)(w-|| BW”)) +4P7H (w-|| BW )M P (1-K) (kZ:‘qu)

)a-k)*?

< (w-| BW

On the other hand, recall the inequalities |u —v|* <ju|” /&*™ +}|” /(1— )" and
u+v]” <l @+e)Pt+N|” @+1/e)P foru, v e X, €-0.Then, for any X1, X2.... X7.

kﬁl Elst.xt-p®))| + Efxt)-st.xt-pt))

p 1
E|X(t)| < W

Xy X, + X5+ X, + X5+ X+ X[ AP L+1£)P 7 x| +8° 7 (L+£)* (X, | +[xo])
AP, [P+ 477 X 4P x| + 47 X, )

From (3) and (9)
Ek®P <1k PTE 2 @x@-p@)P +1/0-K)PE k)2 e x t-p@)°
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p
t t
()l(t)-2 (O (t-p(0))+] (A+BW)T (t-5)z (5 X (s—p(S)))s+]T (t-5)F (5% )ds
Ex(t)pgkg_lEz(t,x(l—p(t)))p+(1_k1)p_1E t IO °
[T (-5)G(s,y )dw ()+[T (t=)a(x (s-G(s))dw (s)+ % T (t-t ) (x t)
0 0 O<ty <t

< k%IE 2t x t-p))° +ﬁ1{4p‘1(1+1/5)p‘1E T t)e(0)
p

+8° 1 (L+ )P E [T 1)z (0,x (t —p(0)))|” +8"*(L+5)"'E

_t[(A +BW)T (t —s)z (s,x (s —p(s))Ms

p p

+4PE +4"'E

[T €-s)5(,y)dw )
0

]T (t —s)F (s,x)ds
0

p p

+4PLE +4P1E }

2 T -t (x )

0=ty <t

tJT t-s)o(x(s—a(s))dw (s)

_ 1 F, + 1 iF (10)
kp71 0 (liK)p—li:l 1

Now we compute the right —hand terms of (10) .Firstly, by (Hs) and (Hs), we can
easily obtain

F,<KP sup Elxt+0)P, @y
0e[-7,0]

F <4P 141/ &)P7M Pe PABYIE g2 (12)

F, <8 (1+2)" "M °|-a-8w)?| E [l 13)

By (Hs) and the Holder inequality, for p>2, 1<q<2, %-l—i = 1, we have

p
PP el 3 Teuonc e <4aPTEC © Me‘(W‘HBWH)(t‘tk)qK\x(t;)\)p
O<ty <t O<ty <t
<aPIMPE( 3z gl PoiTe (WDt | ;)P
O<ty <t

-1 —p(w- || BW Dt _ P
<4P Mp(o s qP/d x qee PO H)E\x(tk)\ . 14)

<tk <t o<ty <t

By (Hs), lemma3.1 and Holder inequality,
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F<8” e+ )P E (IB‘(—(A—BV\? DT (t-5)(—(A—BwW )%z (s x (s—p(s))ds )P

t <
<8P Lare)P M P KP (Je=(W- [ BW[D(E-8) ¢ _yaa—a g5)P/d
0

t ~
Te=(W- | BW DA-S)g |y (s_ps))|P ds
0

- _ - B
<8P a+ )P M P K P (w- || BW ) PO-IIBWI (11 1 g —qyP

t ~
<fe= (W BWDE=S) sy Elx (s-0)Pas.

@5)
0 O<[—7,0]
Similar to (15), by (Hs) And Holder inequality,
F, <4P 7'M Pk P (w-|| BW TP xje W BW A=) qup E[x (s-0)|P ds (16)

0e[—7,0]

By Da prato and zabczyk similar to (15), by (H4) and Holder inequality,

t
0

0e[—7,0]

By Da prato and zabczyk[4], similar to (15), by (H4) and Holder inequality,

_aP -1 P P (p—2) (p—2)/2
Fo=4 Cle K (2(p—2)(W— | BW ||))
t ~
= J’e_(w_ I'BW Dt —s) sup E|x(s—-0)|Pds @as)
0 O c[—7,0]

EX@O) <K® sup Efx(t+0) +1/A-k)* {4 L+1/5)* M Pe @20 [gff

6 e [-7,0]

+87(1+2)" M P|(~(A -Bw))"[

E [l +8° @+)* M2, K (w- | B )" PP t+ga-q))*"

t R
« o~ (W- [ BW [)(t-s) sup E |x(s-0)|P ds +4P 1y 1pK P (w- | BW H)l_p
0 Oel[-7,0]

t A _
«fe~(WIBWNE-S)  gp Efx(s-0)P ds +4p‘1cp|v| Py P 2W BW D(P-D) | B e D1-p/2

0 Oe[—7,0] p-2

t
« [o—(W-| BW [)(t-s) P p-1 PP (p-2) (p-2)/2
(j)e | B | QEFE;;,O]E x (s-6)|" ds + 4 C oMy K (—2(p72)(w- ED H))

e B g g P s g 5 g P TP ey g
0 0~7,0] 0=ty <t 0=ty <t
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This, together with lemma 3.1 and (8) gives that there exist two positive constants

Mo and x e (o, - | & |))such thate |x )P <me ™ for any t >—z .This completes
the proof.

Corollary3.1: If (Hs)-(Hs) hold for some ae(1/2,1), then the mild solution of
Eq.(1) is mean-square exponentially stable, provided

2
1-o

12

- || BW )k (@~ )| (~(w- | B )% +8m 2 K2 w- | BW )2 2@ ~1) + am 2K 2 (w- [ B )

+4M 2K 21a(w+ || BW )M 2 (1K )( 3 K )2<(w+ | BW H)((l—?(‘—(w+ | BW )%
k=1
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