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Abstract

This paper presents a multi–lane flow model for vehicular traffic in
an asymmetric heterogeneous system utilizing cellular automata. A fast
track formed by n central lanes and m side lanes separated by a concrete
division in which a section for vehicles moving from the side lanes to
the central, and a part to move from the central lanes to the side is
considered. Results using a fundamental diagram applied to each track
and the basic diagram of the entire system are shown.

Keywords: Cellular Automata, Vehicular Traffic Flow, Fundamental Di-
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1 Introduction

Currently, modeling and simulation in computation is very important in opti-
mization problems, particularly for the vehicular traffic flow problem. Theo-
retically, vehicular traffic flow is classified into three approaches: macroscopic,
kinetic and microscopic [1, 2, 6 and 12]. Focusing on macroscopic, the vehic-
ular traffic flow problem based on fluid dynamic equations for a number of
vehicles is analyzed [18]. The main feature is the overall flow caused by the
speed and density of vehicles regarded as particles through a pipeline. For the
kinetic approach the distribution functions are used to analyze the vehicles
flow behavior in a time t [29]. The microscopic focusing on the traffic flow is
analyzed in an individual way. Each vehicle is described by its own motion
equation [15]. In these models the number of simulated vehicles N is impor-
tant. The latter approach is suitable for simulations of independent traffic
lanes. Within the microscopic way, are found the traffic flow models based on
Cellular Automates (CA) [11]. CA is a discrete dynamic system suitable to
represent natural systems that can be described as a massive collection of sim-
ple objects that interact with each other locally. CA d–dimensional consists
of a lattice or lattice d–dimensional representing the space. Each lattice cell
is called site or cell and is associated with a state variable called the cell state
that fluctuates over a finite set named set state. Time moves in discrete steps
and the dynamics are given by an explicit rule called local function which is
occupied at each instant for each site to determine the new state from the
current state of certain cells in their neighborhood [1, 13 – 15, 17 and 19]. In
the case of vehicle flow models based on cellular automata, the vehicles are
described as a discrete lattice of points with discrete speeds, and the vehicles
movement is carried out through a set of rules that are applied synchronously
to each vehicles that composes the system [3, 18, and 20].

In 1992 Kai Nagel and Michael Schreckenberg published a probabilistic
model for the vehicular traffic flow in a single lane through CA (NaSch model)
[16]. The Nasch model is defined on a regular lattice 1–dimensional. Each
cell or site is emptied or occupied by a vehicle at each time t. The system is
updated, passing from t to t + 1 time according to four rules that govern the
model [4, 16, 20, and 23]. In 1995 Rickert, Nagel and Schreckenberg Latour
published a model of vehicular traffic flow in two adjacent and independent
lanes, and they added rules that allow the simulation of lane change [21]. From
this, the study of vehicular traffic flow with CA multi–lane is started [22 and
30]. Multi–lane models are studied in greater depth today because these are
closer to what happens with the vehicular traffic flow in reality [6, 8, 11, 18,
29 and 31]. This paper presents a vehicular traffic flow model in a multi–lane
formed by central and side lanes separated by a concrete division using cellular
automata.
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The work is divided as follows: in Section 2 definitions of cellular automata
and vehicle types are presented; in Module 3, the concepts of density and flow
are revealed; in Section 4 the NaSch model is illustrated; in the fifth part the
proposed model is given; in Section 6 parameters of the proposed simulation
model are shown; the Section 7 gives the results, and in the last part is the
conclusion.

2 Cellular Automata and Vehicle Types

The following definitions of cellular automata and types of vehicles were taken
from [5 and 10].

Let I be a set of indices. Let A = {[ai, bi]}i∈I countable family of closed
intervals in R such that the following condition:

1.
⋃
X∈A

X = [a, b] for some a, b ∈ R or
⋃
X∈A

X = R.

2. if [ai, bi] ∈ A, then bi − ai > 0.

3. if [ai, bi] and [cj, dj] are in A with bi ≤ cj, then [ai, bi] ∩ [cj, dj] = ∅ or
[ai, bi] ∩ [cj, dj] = bi = cj.

Definition 2.1 Let [a, b] an interval of R with a 6= b and A a family
of closed intervals that satisfy 1, 2 and 3. The 1–dimensional lattice is the
set L = {xi × [a, b] | xi ∈ A}. If A1, A2, . . . , An are families of intervals
that meet 1, 2 and 3, then a lattice of dimension n > 1 is the set L =
{x1 × x2 × · · · × xn | xi ∈ Ai}.

Definition 2.2 Let r ∈ R. An 1–dimensional lattice is regular if [ai, bi] = r
for each [ai, bi] ∈ A. The n–dimensional lattice is regular if [aik , bik ] = r for
each [aik , bik ] ∈ Ai for i = 1, 2, . . . , n.

Definition 2.3 Let L be a lattice. A cell or site is an element of L, that
is, a cell is an element of the form [a1k , b1k ]× · · · × [ank

, bnk
] with [aik , bik ] ∈ Ai

for i = 1, 2, . . . , n.
Definition 2.4 Let L be a lattice, and r is a cell of L. A neighborhood of

size n ∈ N for r, is the set v(r) = {{k1, k2, . . . , kn}|kj is a cell of L for each j}.
Definition 2.5 Let n ∈ N. A cellular automaton is a tuple (L,S,N ,f)

such that:

1. L is a regular lattice.

2. S is a finite set of states.

3. N is a set of neighborhoods nest as follows:
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N = {v(r) | r is a cell and v(r) is a neighborhood r of size n}

4. f : N → S is a function called the transition function.

Definition 2.6 Let us have TV = {1, 2, . . . , A}; a vehicle type will be
identified according to an element a ∈ TV . The TV set is named as a set type
of vehicles.

The last definition allows differentiation and deals with different types of
vehicles. If a a ∈ TV is a vehicle type, the set Va = {0, 1, . . . , vamax} repre-
sents the set of different speeds that the vehicle a can have where vamax is the
maximum speed.

Definition 2.7 Let us have TV as a set of vehicle types. A configuration
with TV is a succession of non–negative real numbers x = {vaki }i∈Z, where
vaki ≥ 0 corresponds to vehicle ak ∈ TV speed, in i place of the lattice.

If any of the sites in the lattice do not correspond with any vehicle, i.e, the
site is empty, then, by convention it is written as v0i = −1.

Definition 2.8 A configuration x = {vaki }i∈Z is admissible in TV , if each
vaki , v

al
i ≥ 0 in x with i < j, it must be vaki + i < j and vaki ≤ vakmax with

vakmax > 0 the maximum speed permitted for the type of vehicle ak.

3 Density and Flow

The NaSch model is based on a single lane traffic flow defined over 1–dimensional
array of L sites with periodic boundary conditions. The total number of ve-
hicles N of the system cannot change during the dynamics, so it is possible
to define the density of the system by ρ = N/L. However, this measurement
is not possible in real traffic flow due to the increase or decrease of vehicles
in each section of the road. Then, the density is defined in a 1–dimensional
traffic model of a site i as follows:

ρ = 1
T

t0+t∑
t=t0+1

ni(t),

where T is a time period and

ni(t) =

{
0 if vi(t) = −1
1 if vi(t) 6= −1

with x = {vi(t)}i an admissible configuration at time t [16 and 27]
The flow Φ is defined in a model of 1–dimensional traffic flow as the number

of vehicles passing through a lattice position per unit of time T , that is:
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Φ = 1
T

t0+t∑
t=t0+1

ni,i+1(t),

where ni,i+1(t) = 1 if a vehicle movement is detected between sites i and
i+ 1 at the iteration t→ t+ 1.

The graph obtained from Φ̄ vs ρ̄ varying the density parameter ρ is called
fundamental diagram (Figure 1) [26].

Figure 1: Fundamental diagram [31].

4 Model NaSch

The NaSch traffic flow model proposed by K. Nagel and M. Schreckenberg is
a probabilistic model of a single lane through a 1–dimensional CA, where no
collisions occur [16]. The model is defined on a 1–dimensional array of L cells
or sites with periodic boundary conditions.

Each cell represents a road division of 7.5 m. Each cell may be empty or
occupied by a vehicle. Each vehicle has a integer number speed associated
with values between 0 and vmax = 5. There is a variable that determines the
advance of all vehicle arrangements known as gap, which represents the total
number of empty places in front of a vehicle (Figure 2). That is, if xi represents
the vehicle position i, then gap(i) = xi+1 − xi − 1.

The CA that defines the NaSch model is given by the tuple (L,S,N ,f)
where:

a) L = {xi× [a, b] | xi ∈ Z ′′} with a < b ∈ R and Z ′′ = {[j, j+ 1], [j+ 1, j+
2], . . . , [j + k − 1, j + k] | j < k ∈ Z}.

b) S = {−1, 0, 1, . . . , vmax}.
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Figure 2: Ten cells array with gap=3.

c) N = {N (i) = wiwi+1 · · ·wgap(i)+1| i is a cell L occupied by a vehicle}.
d) The transition function is given by four steps and they are applied to
each vehicle with the configuration x = {vi}vi∈S at time t.

1.- Acceleration:
vi ← min(vi + 1, vmax)

2.- Slowed:
vi ← min(vi, gap(i))

3.- Randomness:
vi ← max(vi − 1, 0) with probability p

4.- Updated:
xi ← xi + vi

Step 1 reflects the drivers’ desire to accelerate until reaching speed vmax.
Step 2 prevents accidents; the driver must slow if the speed exceeds the distance
it takes to reach the vehicle in front. Step 3 considers the different parameters
of the drivers’ behavior to accelerate or decelerate by which bottlenecks are
created. Step 4 gets the new vehicle position at time t+ 1 (Figure 3).

If x = {vi}i is a permissible configuration in the NaSch model, then vi 6=
−1 means that the vehicle moved vi cells in the previous step to reach it.
The length of each cell is 7.5m, which is interpreted as the vehicle length
plus a distance of separation between the two vehicles, if they are in adjacent
cells. The maximum speed considered is vmax = 5 equivalent to 135 km/h,
however, this parameter can be changed depending on the type of vehicle
under consideration, trucks, cars, etc. The model is homogeneous, i.e. only
one type of vehicle is taken into account. A time step t→ t+1 is equivalent to
1 second which is the human reaction time. The NaSch model is minimal, in
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Figure 3: Vehicle position at time t+ 1.

the sense that the four steps are necessary to reproduce the flow characteristics
of vehicular traffic.

5 Proposed model

The proposed model is composed of n, m; central and lateral rails are named
as a nCLmSL model, but first some definitions will be presented.

Let us have j ∈ A = {1, 2, . . . , n} and X = {x1, . . . , xn} with xj = {vi}ij
admissible configuration for each j ∈ A. If k is the site k–th position, then
k−j ≤ k will denote the site on the rail j containing the nearest to k from
the vehicle behind, and k+j > k−j site on the rail j containing the k nearest
vehicle in front. If xij is the position of the i–th vehicle in the lane j, then the
following variables are defined:

1. gap(i)j = xi+1j − xij − 1 represents the total number of empty places in
front of a vehicle on the same lane.

2. gapo(i)jk = (xij)+k − xij − 1 is the number of empty places in front of
lane k, where a change of lanes is wanted.

3. gapo,back(i)jk = xij−(xij)−k shows the number of places where the nearest
vehicle is behind in the k lane.

Consider n + m + 1 adjacent arrays of size tam as is shown in Figure 4.
The arrangements 1, 2, . . . , n represent the vehicles flow on n central lanes; the
arrangements n+2, n+3, . . . , n+m+1 represent the vehicles flow on m lateral
rails, and n + 1 represents the division with the interval of places sc = [r, s],
the exit of vehicles to leave the central lanes, and the places interval ec = [t, w]
the entry to the center lanes. In what follows we refer to the n + 1 as n + 1
lane, where the lane division is found.
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Figure 4: Shows a system consisting of n, m center and lateral lanes.

Let us have j ∈ {n, n+ 1, n+ 2}. Suppose that a vehicle is in the position
xij=n,n+1

∈ sc or xij=n+1,n+2
∈ ec. gap(i)j� the number of empty places between

the xij position on the n+ 1 lane and the lane division is defined, i.e.:

gap(i)j�

{
s− xij if j = n, n+ 1 and xij ∈ sc
w − xij if j = n+ 1, n+ 2 and xij ∈ ec

The rules that define the nCLmSL model can he summarized as follows:
(a) if a vehicle is in any of the center lanes and does not want to leave, or is in
any of the lateral lanes and does not want to enter the central lanes, and (b)
if a car wants to exit or enter the central lanes and its position allows this.

The CA that defines the nCLmSL model is the tuple (L,S,N ,f), where:

a) L = {xi×yj | xi ∈ Z ′′, yj ∈ X} with Z ′′ = {[j, j+1], [j+1, j+2], . . . , [j+
k−1, j+k] | j < k ∈ Z} and X = {[a, b], [b, 2b−a], . . . , [jb−(j−1)a, (j+
1)b− ja], . . . , [(n+m)b− (n+m− 1)a, (n+m+ 1)b− (n+m)a]}

b) S =
⋃

a∈ TV

Va, with TV is the set of vehicles type.

c) N = {N (i) = wiwi+1 · · ·wgap(i)+1| i is a cell of L occupied by a vehicle
}.

d) The transition function is given by the following steps consecutively ap-
plied to each vehicle of x = {vi}vi∈S in configuration at time t.

1.- If a vehicle is in the position xij with j < n or j > n+ 2 or (j = n
and xij ∈ (sc)

c) or (j = n+ 2 and xij ∈ (ec)
c) and is fulfilled:

i) vhopej(i) > gap(i)j with vhopej(i) = min(vi + 1, vamax), with a is
the type of vehicle concerned.
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ii) gapo(i)jk > vi,

iii) gapo,back(i+gap(i)j)jk > vo,back(i)−k with vo,back(i)−k The vehicle
speed at the site i−k,

iv) rand() < pchange with pchange the probability parameter of lane
change,

then the vehicle changes from lane j to lane k, placing in posi-
tion xij + vhopej(i) on the k lane. The vehicle speed takes the value
vhopej(i).

2.- If a vehicle is in the position xij with (j = n and xij ∈ sc) or
(j = n+ 2 and xij ∈ ec), and is fulfilled:

i) vhopej(i) > gap(i)j with vhopej(i) = min(vi + 1, vamax) with a is
the type of vehicle concerned,

ii) min(gapo(i)j(n+1), gap(i)j�) > vi,

iii) rand() < pchange,

then the vehicle changes from lane j to n + 1 lane, placing it in
position xij + vhopej(i). the vehicle speed takes the value vhopej(i).

3.- If a vehicle is in the position xin+1 ∈ ((r + s)/2), s
⋃

((t+w)/2, w),
two things happen:

3.1.- if gap(i)n+1� = 0 and fulfill:

i) gapo(i)(n+1)j > vi,

ii) gapo,back(i)(n+1)j > 0,

then the vehicle changes from lane n + 1 to j lane placing it
in position xin+1 + vhopen+1(i) on the j lane. The vehicle speed
takes the value vhopen+1(i).

3.2.- if gap(i)n+1� > 0 and fulfill:

i) vhopen+1(i) > min(gap(i)n+1, gap(i)n+1�),

ii) gapo(i)(n+1)j > vi,

iii) gapo,back(i + gap(i)n+1)(n+1)j > vo,back(i)−j, with vo,back(i)−j
vehicle speed at the site i−j,

then the vehicle changes from n + 1 lane to j lane placing it
in position xin+1 + vhopen+1(i) on the lane j. The vehicle speed
takes the value vhopen+1(i).

4.- The system is updated by applying the rules of the NaSch model in
an independent way for each lane without modified the vehicles that
made the lane change.
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6 Proposed Model Simulation

For the simulation a way of n central lanes and m side lanes was considered on
an asymmetric heterogeneous system where the fast vehicles can circulate in
each lane, while the slower vehicles are restricted to move in the right side lanes.
The simulations were performed on a lattice of size 300 sites ≈ 2.25km with
periodic boundary conditions. In the initial state the vehicles are distributed
in a random way with zero initial velocity; furthermore, the ratio is 10% slow
vehicles with maximum speed vslow and 90% fast vehicles with maximum speed
vfast.

The probability of lane change is pchange and the slowed probability in each
lane is pbrake. The results of the simulations were recorded after the first 1000
time steps with ∆T = 100 time steps (≡ 1 min, 40 sec), the interval at which
the measurements were made.

7 Results

The nCLmSL model was simulated with (n,m) = (3, 2) and (n,m) = (3, 3),
both parameters vslow = 3, vfast = 4, pbrake = 0.15 and pchange = 0.85. Figures
5 (a) and (b) show the fundamental diagram of each lane and for the system
in the case of (n,m) = (3, 2). Figures 5 (c) and (d) show the fundamental
diagram of each lane and for the system in the case of (n,m) = (3, 3).

Figures 5 (b) and (d) illustrate that the maximum flow is obtained for
ρ ≈ 0.25. In the case of (n,m) = (3, 2) the value is Φ̄max ≈ 275, and for
(n,m) = (3, 3), the result is Φ̄max ≈ 340. The lanes 1, 2 and 3 of Figure 5 (a),
correspond to the central lanes and the lanes 4 and 5 correspond to the lateral
lanes.

It is observed that ρ < 0.25 on road 1 has a bigger circulation of vehicles
because in this lane there is no flow of slow vehicles, and up to the value of
ρ the vehicle traffic is still fluid. Moreover, passing this maximum value there
are bottlenecks in all lanes and this causes fast vehicles which are in lane 3 to
go to lane 2 and the fast vehicles that are in lane 2 go to lane 1. This causes
a decrease in vehicles flow in lanes 1 and 2, increasing vehicles flow in lane
3 because the vehicles entering the center lanes do it through this, thus for
ρ > 0.25, observes a greater flow of vehicles in lane 3. When (n,m) = (3, 3)
something similar happens and when ρ < 0.2, the vehicles flow is greater than
the vehicles in lane 1, while for ρ > 0.2 the increased flow of vehicles is in lane
3.
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a) b)

c) d)

Figure 5: The fundamental diagrams are presented for each lane and the system
making use of the model nCLmSL with parameters pbrake = 0.15, pchange =
0.85, vslow = 3 and vfast = 4. In (a) and (b) (n,m) = (3, 2), and in (c) and (d)
(n,m) = (3, 3).

8 Conclusions

A multi–lane vehicle traffic flow model has been presented. The proposed
model nCLmSL simulates a track composed of n, m central and lateral lanes
in an asymmetric heterogeneous system. Results are shown using the funda-
mental diagram for each of the lanes and for the whole system. Cases used
were: (n,m) = (3, 2) and (n,m) = (3, 3).
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