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Abstract

In this article, the He′s Variational Iteration Method (HVIM) is used
to obtain the numerical solution the bilinear singular systems of time-
invariant and time-varying cases. The obtained discrete solutions using
HVIM and Adomian Decomposition Method (ADM) are compared with
the exact solutions of the problems and are found to be very accurate.
Tables for discrete and exact solutions are presented to show the ef-
ficiency of HVIM. This HVIM can be easily implemented in a digital
computer and the solution can be obtained for any length of time.
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1 Introduction

Bilinear singular systems can be used to describe many engineering systems.
In the past decade, considerable attention has been devoted to the analysis
and synthesis of bilinear singular systems. The importance of bilinear singular
systems lies in their application to real world systems such as economic pro-
cesses, ecology processes and socioeconomic processes. They are also applied
to many biological processes, such as the population dynamics of biological
species, water balance and temperature regulation in the human body, control
of carbon dioxide in lungs, blood pressure, immune system, cardiac regulator,
etc.

In addition, bilinear singular systems naturally represent many physical
processes, such as, the basic law of mass action, DC motor, induction motor
drives, mechanical brake systems, aerial combat between two aircraft and the
missile intercept problem, modeling and control of a small furnace, control of
hydraulic rotary multi-motor systems [9, 7].

Singular bilinear systems have been of interest to some investigators. Camp-
bell [1] gave a report concerning this class of systems, but did not provide any
closed-form solution in that report. In analysis of neural networks, both sin-
gular systems [2] and bilinear systems [12] have been used. Lewis et al. [4, 5]
applied the Walsh Function (WF) approach for time-invariant bilinear singu-
lar systems and Hsiao and Wang [3] used the Haar wavelets for the solution
of time-varying bilinear singular systems. Sepehrian and Razzaghi [11] used
Single Term Walsh Series (STWS) for the solution of the same system.

Recently, Hsiao and Wang [3], Sepehrian and Razzaghi [11], Manonmani
[6] and Nalini [8] studied bilinear singular systems using different methods
taken from the literature. The goal of this paper is to implement the He′s
Variational Iteration Method to the for the time-invariant and time-varying
bilinear singular system, which are often encounter in physical and electrical
circuits problems.

2 He′s Variational Iteration Method

In this section, we briefly review the main points of the powerful method,
known as the Hes variational iteration method [10]. This method is a mod-
ification of a general Lagrange multiplier method proposed by [10]. In the
variational iteration method, the differential equation

L[u(t)] +N [u(t)] = g(t) (1)

is considered, where L and N are linear and nonlinear operators, respectively
and g(t) is an inhomogeneous term. Using the method, the correction func-
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tional
un+1(t) = un(t) +

∫
λ[L[un(s)] +N [ũn(s)]− g(s)]ds (2)

is considered, where λ is a general Lagrange multiplier, un is the nth approxi-
mate solution and ũn is a restricted variation which means δũn = 0 [79]. In this
method, first we determine the Lagrange multiplier λ that can be identified
via variational theory, i.e. the multiplier should be chosen such that the cor-
rection functional is stationary, i.e. δũn+1(un(t), t) = 0. Then the successive
approximation un, n ≥ 0 of the solution u will be obtained by using any selec-
tive initial function u0 and the calculated Lagrange multiplier λ. Consequently
u = limn→∞un. It means that, by the correction functional (2) several approx-
imations will be obtained and therefore, the exact solution emerges at the limit
of the resulting successive approximations. In the next section, this method
is successfully applied for solving the linear time-invariant and time-varying
bilinear singular systems.

3 Bilinear Singular Systems

The time-invariant bilinear singular system of the form can be considered

Kx′(t) = Ax(t) +
q∑

i=1

Nix(t)ui +Bu(t) (3)

Equation (3) is written as

Kx′(t) = (A+
q∑

i=1

Niui)x(t) +Bu(t) (4)

with , where K, A and B are defined as in [8], and are the components of
[8]. In order to make the above system (3) as time-varying case, some of the
components (not necessarily all the elements) in the system (3) are converted
as time-varying and then the system will be of the following form

K(t)x′(t) = A(t)x(t) +
q∑

i=1

Ni(t)x(t)ui(t) +B(t)u(t) (5)

Equation (4) is written as

K(t)x′(t) = (A(t) +
q∑

i=1

Ni(t)ui(t))x(t) +B(t)u(t) (6)

with x(0) = x0, where K(t), A(t) and B(t) are defined as in [8]. Ni(t) ∈ Rn×n

and ui(t), i = 1, 2, ..., q are the components of u(t).
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4 Applications and Numerical Results

In this section, two examples are presented, one is for time-invariant bilinear
singular systems and the other is for time-varying bilinear singular systems.
Numerical solutions are obtained using two methods like Adomian Decompo-
sition Method and He′s Variational Iteration Method.

4.1 Example for time-invariant case

Consider the following time-invariant bilinear singular system

K =

 1 0 0
0 1 0
0 0 1

, A =

 1 −1 1
0 −2 2
2 0 4

, N1 =

 0 −1 −1
0 3 −2
0 0 −3

, B(t) =

 0
0
3

, u(t) = 1

with initial condition x(0) =

 1
1
−5


The exact solutions are

x =

 exp(t)
exp(t)

−2exp(t)− 3

 (7)

Table 1: Discrete solutions for x1 and x2 for time-invariant case

Exact Solution ADM Solution HVIM Solution
t x1 x2 x1 x2 x1 x2

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.25 1.284025 1.284025 1.284025 1.284025 1.284025 1.284025
0.50 1.648721 0.654251 1.648721 0.654251 1.648721 0.654251
0.75 2.117000 2.117000 2.117000 2.117000 2.117000 2.117000
1.0 2.718282 2.718282 2.718282 2.718282 2.718282 2.718282
1.25 3.490343 3.490343 3.490343 3.490343 3.490343 3.490343
1.50 4.481689 4.481689 4.481689 4.481689 4.481689 4.481689
1.75 5.754603 5.754603 5.754603 5.754603 5.754603 5.754603
2.0 7.389056 7.389056 7.389056 7.389056 7.389056 7.389056

The results (approximate solutions) obtained using ADM and HVIM along
with the exact solutions using equation (4.5) and the absolute errors between
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Table 2: Discrete solutions for x3 for time-invariant case

Exact Solution ADM Solution HVIM Solution
t x3 x3 x3

0.0 -5.000000 -5.000000 -5.000000
0.25 -5.568051 -5.568051 -5.568051
0.50 -6.297442 -6.297442 -6.297442
0.75 -7.234000 -7.234000 -7.234000
1.0 -8.436563 -8.436563 -8.436563
1.25 -9.980686 -9.980686 -9.980686
1.50 -11.963378 -11.963378 -11.963378
1.75 -14.509206 -14.509206 -14.509206
2.0 -17.778112 -17.778112 -17.778112

them are calculated and are presented in Tables 4.1 and 4.2. To highlight the
efficiency of the HVIM and to distinguish the effect of the errors in accordance
with the exact solutions of x1, x2 and x3, using three-dimensional effect.

4.2 Example for time-varying case

Considering the time-varying bilinear singular system of the following form
(Lewis et al. [4, 5], Hsiao et al. [3] and Sepehrian and Razzaghi [11])

K(t) =

 0 −t 0
1 0 t
0 1 0

, A(t) =

 −2 t 1
0 −4 2
−2t 0 1

, N1(t) =

 1 −t 1
0 3 −2
2t 0 −2

,

B(t) =

 2
1
3

, u(t) = 1

with initial condition x(0) =

 12
2
5


The exact solutions are

x(t) =

 (2− t)(exp(− t
2
) + exp(t)) + 8

2exp(− t
2
)− exp(t) + 1

exp(− t
2
)− exp(t) + 3

 (8)

The results (approximate solutions) obtained using ADM and HVIM along
with the exact solutions using equation (4.6) and the absolute errors between
them are calculated and presented in Tables 4.3 - 4.4. To highlight the effi-
ciency of the HVIM and to distinguish the effect of the errors in accordance



624 S. Sekar and B. Venkatachalam alias Ravikumar

Table 3: Discrete solutions for x1 and x2 for time-varying case

Exact Solution ADM Solution HVIM Solution
t x1 x2 x1 x2 x1 x2

0.0 12.00000 2.000000 12.00000 2.000000 12.00000 2.000000
0.25 11.79141 1.480968 11.79141 1.480968 11.79141 1.480968
0.50 11.64128 0.908880 11.64128 0.908880 11.64128 0.908880
0.75 11.50536 0.257579 11.50536 0.257579 11.50536 0.257579
1.0 11.32481 -0.50522 11.32481 -0.50522 11.32481 -0.50522
1.25 11.01920 -1.41982 11.01920 -1.41982 11.01920 -1.41982
1.50 10.47703 -2.53696 10.47703 -2.53696 10.47703 -2.53696
1.75 9.542866 -3.92088 9.542866 -3.92088 9.542866 -3.92088
2.0 8.000000 -5.65330 8.000000 -5.65330 8.000000 -5.65330

Table 4: Discrete solutions for x3 for time-varying case

Exact Solution ADM Solution HVIM Solution
t x3 x3 x3

0.1 5.000000 5.000000 5.000000
0.2 5.166523 5.166523 5.166523
0.3 5.427522 5.427522 5.427522
0.4 5.804289 5.804289 5.804289
0.5 6.324812 6.324812 6.324812
0.6 7.025604 7.025604 7.025604
0.7 7.954055 7.954055 7.954055
0.8 9.171464 9.171464 9.171464
0.9 10.75694 10.75694 10.75694

with the exact solutions of x1, x2 and x3, using three-dimensional effect.

5 Conclusion

The obtained results (approximate solutions) of the bilinear singular systems
for time-invariant and time-varying cases show that the HVIM works well for
finding the state vector. From the Tables 4.1 - 4.4, it can be observed that for
most of the time intervals, the absolute error is less (almost no error) in the
HVIM when compared to the ADM, which yields a small error in 10−7, along
with the exact solutions. Hence the HVIM is more suitable for studying the
time-invariant and time-varying bilinear singular systems.
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