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Abstract

In this paper, we establish some new modular relations between a continued
fraction V(q) of order 12 (established by M. S. Mahadeva Naika, B. N. Dhar-
mendra and K. Shivashankara and recently studied this continued fraction by
K. R. Vasuki, Abdulrawf A. A. Kathtan, G. Sharath, and C. Sathish Kumar)
and V' (¢") for n=6,10,14,18.
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1. INTRODUCTION

In Chapter 16 of his second notebook [1], [5], Ramanujan develops the theory
of theta-function and is defined by

(1.1) flab):= 3 @™ Jab|< 1,
= (—a;ab) o (—b; ab) o (ab; ab)
where (a;¢)o =1 and (a;¢)e = (1 —a)(1 — aq)(1 — ag?®) - --.
Following Ramanujan, we defined

(1.2) o) == fl.0)= > ¢* = ﬂ,

q
(45 —q)oo

n=—oo

(1.3) b(g) = f(a.q") = Zq” _ %
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o

(1.4) f(=q) == f(=¢, =) = > (~1)"a" % = (¢ @)
and
(1.5) X(9) = (=4 ¢°) oo

The ordinary hypergeometric series o Fi(a, b; ¢; x) is defined by

2Fi(a,bia) =) (23153” "

n=0

)

(a)o=1,(a), =ala+1)(a+2)...(a+n—1), forn>1]x|< 1.

1 r—1
2(r) = z(r;z) =2 [} <—, ! ;1;37)
r

r

and
T

qr = qr(x) == exp (—WCSC (;)

where r =2,3,4,6 and 0 <z < 1.

Let n denote a fixed natural number, and assume that
2 F1 (%7%3 L 1— 04) o o1 (%, 17—13 L1 —ﬁ)

oF (1, =115 a) B oF (1, =4 1:8)

r? oo 0

(1.6)

where r = 2,3,4 or 6. Then a modular equation of degree n in the theory
of elliptic functions of signature r is a relation between o and g induced by
(1.6). We often say that 3 is of degree n over av and m(r) := zg:gg is called the
multiplier. We also use the notations z; := 21(r) = z(r : @) and z, := 2,(r) =
z(r : B) to indicate that § has degree n over . When the context is clear, we
omit the argument r in ¢,, z(r) and m(r).

The class invariant G, is defined by
(1.7) Gy = 2_iq_ix(q) = (4da(l — oz))_i :

The celebrated Rogers-Ramanujan continued fraction is defined as
(1.8)  R(q):= Pfa-a) P 0

f(—=¢% —q¢?) 1 +1+ 1+ 1+

On page 365 of his Lost Notebook [17], Ramanujan recorded five iden-
tities showing the relationships between R(gq) and five continued fractions
R(—q), R(¢*), R(¢®), R(q*), and R(¢°). He also recorded these identities at
the scattered places of his Notebooks [16]. L. J. Rogers [18] established the
modular equations relating R(q) and R(¢™) for n=2,3,5, and 11. The last of

these equations cannot be found in Ramanujan’s works. Recently K. R. Vasuki
and S. R. Swamy [23] found the modular equation relating R(q) with R(q").

) |Q|<17
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The Ramanujan’s cubic continued fraction G(q) is defined as

_¢Pf(=q—¢) P a+d Frdt
f(=q3 —q¢?) 1 + 1 + 1 +

The continued fraction (1.9) was first introduced by Ramanujan in his second
letter to G. H. Hardy [12]. He also recorded the continued fraction (1.9) on
page 365 of his Lost Notebook [17] and claimed that there are many results for
G(q) similar the results obtained for the famous Rogers-Ramanujan continued
fraction (1.8).

Motivated by Ramanujan’s claim, H. H. Chan [8], N. D. Baruah [4], Vasuki
and B. R. Srivatsa Kumar [21] established the modular relations between G(q)
and G(q") for n=2,3,5,7,11 and 13.

The Ramanjuan Gllinita-Gordon continued fraction [12, p. 44], [10], [17] is
defined as follows:

(=’ =) _¢? & ¢

f(=a,—4q") L +1+4¢ +1+4¢ +

Chan and S. S. Hang [8] ,M. S. Mahadeva Naika, S. Chandan Kumar and M.
Manjunatha [13] have established some new modular relations for Ramanujan-
Gollnitz-Gordon continued fraction H(q) with H(¢") for n = 6,10, 14 and 16
and also established their explicit evaluations, Mahadeva Naika, B. N. Dhar-
mendra and S. Chandan Kumar [14] have also established some new modular
relations for Ramanujan-Gollnitz-Gordon continued fraction H(q) with H(¢")
forn=2,3,4,5,7,8,9,11,13,15,17, 19, 23, 25, 29 and 55 and Vasuki and Sri-
vatsa Kumar [21] established the modular relations between H(q) and H(¢")
for n=3,4,5and 11.Recently, B. Cho, J. K. Koo, and Y. K. Park [9] extended
the result cited above for the continued fraction (1.10) to all odd prime p by
computing the affine models of modular curves X (I") with I" = I'1(8) ([ T'o(16p).

Motivated by the cited works on the continued fractions (1.8)-(1.10), in

this paper, we established the modular relation between continued fraction
V(g)andV (q") for n = 6,10, 14, 18.

_af(=¢.—¢") _ q(1-q9 FU-¢)(1-¢q")

(1.9) G(q): o lal <1,

(1.10) H(q):

) |Q|<17

(1.11) V(g):

f(=¢,=q")  (1-¢)+ 1-¢*)(1+¢)+ ...

The continued fraction (1.11) was first established by Mahadeva Naika,
Dharmendra and K. Shivashankara [15]as a special case of a fascinating con-
tinued fraction identity recorded by Ramanujan in his Second Notebook [16, p.
74], they have also established a modular relation between the continued frac-
tion V(q) and V(¢") for n=3, 5 and recently Vasuki, Abdulrawf A. A. Kathtan,
Sharath, and C. Sathish Kumar [24] V(¢) and V(¢") for n=7,9,11,13.

2. PRELIMINARY RESULTS

In this section, we collect the necessary results required to prove our main
results.
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Lemma 2.1. [24] If x:=V(q) and y:=V(¢?*), then

(2.1) 2? —y+ 2y — 2%y + 9% = 0.

Lemma 2.2. [24] If z:=V(q) and y:=V(¢®), then

(2.2) 23— P+ —y+ 3oy — 322 + 23y — 23y = 0.
Lemma 2.3. [24] If z:=V(q) and y:=V(¢°), then

xy® — 52%)° + 52°y° — 5aty® — Sy’ + 102°y* + Say* — 102%°

2.3
(2:3) — 102%y® 4 102%y? + 52°y* — 5a’y — by + bay — y + 2° = 0.

Lemma 2.4. [24] If z:=V(q) and y:=V(q"), then

2.4
2(35332?;3 +y + 282y + T2dy? — 1day® — xy® + 2%y" — 282%y° + 142y — 3523y*
+ 212°%y° + 352y — Tady — Toy — 282%y? + 142y — " 4+ T2’y — 723y — 725
+ 2825y% — 1427y 4 T2y — Taby3 + TaTy® — 352%yt — Tty + Tady® — TaTy”
— 72"y + 282%y° — 2823y° + TatyS — 28280 4 T2 Ty® + Twy” — TaPy" + T23y”
— 72%y" + 14257 + Tay? — Tay® = 0.

Lemma 2.5. [24] If z:=V(q) and y:=V(¢"), then

15324y 4+ y + 29722 + 17123y 4+ 9929° + 9xy® — 452%y" — 992°y° + 925y
— 1352y° + 24325y° + 369x'y® — 5612%y° + 1262y* — 3023y — 9zy — 1532%y>
+ 272y + 10y° — 4y® — 16y° — 4y® + 1827y — 9812%y® — 272% + 1652%°

— 13527y? + 1982°y® — 33325¢% + 24327y — 3692°y* + 36922y° + 378z "y°

— 24325 + 33323y° — 1532°y° + 4322%% — 29727y — 5day” + 1352%y7

— 16523y" + 5da’y” — 171a%" + 1532"y" + 452y* — 90xy® — 2%y® — 92°°

+ 302%® — 9928y — 182%y® + 42%y" + 92%® — 92y® — 10295 + 9025y/"

(2.5)
— 36927y — 5daty® — 272"y® + 9aty + 1352%y" 4 274%y° + 558°y* — 2°
— 9358y + 549383/2 — 10x9y2 — 3x9y4 + 4:B9y — 378:B2y4 + 16$9y5 — 126938y5
— 2497yt + 99x%y" — 16y* + 19y° + 10y" + 3 — 198245 = 0.
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3. RELATION BETWEEN H(q) AND H(¢")
Theorem 3.1. If w:= H(q) and v:= H(q%), then
(3.1)
(—v® — 14+ 0* +0°)u’ + (6v + 6v* — 60° — 6v*)u’ + (90° + 2707
— 270" — 9Pt + (=20 + 160" — 20° — 360% + 16v%)u® + (2707
—27v% — Q' + 9)u? + (6v* — 60 + 6v° — 60 )u — v + v —v® + v =0.

Proof. Using the equations (2.1), then we have to express y in terms of x.

(3.2) y=1/2—x+1/22" — 1/2V1 — dx + 222 — 4a3 + 2%

Replace ¢ to ¢* in the equation (2.2) and using the above equation (3.2), we
arrive at the equation (3.1). O

Theorem 3.2. If u:= H(q) and v:= H(q"), then

(=500 — 1000® + 50! + 50° 4+ 750" — 300° + 7507 )u'? + (=500 — 100°
+ 600° — 5500 — 35007 + 6000° + 3000'°)u't 4+ (—190v* + 1950 + 58007
+ 40° — 13050° — 10500 — 500% — 1 + 125v% + 11v + 1800° + 152507)u'®
+ (680v* — 79007 — 4100 + 18400° — 8500° — 280v°® — 255007 + 268v°

+ 400 4 21000'")u? + (2300° + 338507 + 585v™ — 10200* — 295007

+ 13450" + 600v* — 21200° — 113405 — 20v + 16750°)u® + (11200* — 19000"
— 140v® + 40v + 32000 + 20000 — 23000° 4 22400° — 346007 — 6400""

— 160v?)u” + (23000° + 234007 — 314805 — 18000° + 5200 — 840v* — 200°

(3.3)
+ 1900% — 26100 + 282007 — 40v)u® + (30400° — 3200 + 200° — 23000°

— 16600° + 14400° + 400v* — 40v* + 16400'° — 19400° + 8v)u® + (1050°
— 7400 — 21940° + 1400 — 160v* — 1060v° + 8650° + 1030v° — 1300
+ 167507 4 25v)u? + (2200 — 2300° — 190v° + 680v® + 2400 + 1068v°
— 400" — 85007 + 80v* — 50v — 48007 )u® + (150 — 2760° — v'? + 350
— 1900* — 185v* — 1900® + 245v° + 1760" + 1450 + 80v° — 70v'%)u?

+ (6005 — 110v® — 700° — 10v — 20" + 1200 + 60v?)u — 6v* — 20v*

+ 07+ 1503 — 100 + v + 150° = 0.

Proof. Using the equations (3.2) and replace q to ¢* in the equation (2.3), we
arrive at the equation (3.3). O
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Theorem 3.3. If u:= H(q) and v:= H(q'), then
(3.4)
(35280" + 2520™ — 1820"° + 35700 — 302120° — 10682v"* + 131607

— 20860 — 1260 + 17500% — 665007 4 232260° + 31640° + 22526v*

— 90580 )ut + (2419907 — 14v — 200200* — 149310*° — 106260

— 630" + 206360 — 25368v° — 24878v° — 81550 4 76510 — 10500?
+28938v° + 163100" + 126700’ + (770" — 1 — 16310° + 3850

+ 7980! — 147v? — 3230° + 107207 + 15120° — 9590 4 2730° 4 4690°

— 3570 — 5530 — 357v™ + 220)u' + (860° — 5600 — 1960 + 84v™

+ 47600 4+ 3780" — 25207 — 140" — 20")u'® 4 (61040* — 61460" + 4620°

+ 868v'* — 25200° — 560 — 31920'° — 9688v° + 240807 — 2100 + 101360°
— 280v" + 21560 4 588v* — 23100"%)u'® + (2177v% — 40670 — 840"

— 2023705 — 129502 + 294v"° + 232260° — 12040 + 1050 + 826007

+ 57120" + 52220 + 64330° — 163590 — 594307 )u'? + v + 28v* — 1507

— 56v* + 700° — 490° 4 280" + 0¥ — 8v® + (535520° 4 8302v* + 2956817

+ 2100 + 105840 — 2408v™* 4 189700° — 25774v'* + 16618v™ — 49378v°

— 280140" — 23660° — 15288v° + 306v"° — 5460?)u’ + (6225807 + 7567v*

— 119770°% — 219450 — 753310% — 42770 4 4092207 + 234920'? 4 212802
+22120™ — 3640v" — 85050" — 364v — 380030 — 2317v°)u® + (306v

— 4265807 — 15960v* — 569100 — 6160 + 42000° 4 7700v* + 169400
+1638v" + 360500'° — 10514v" + 697220° + 2100 + 12614v° — 2562v%)u”
+ (46830v" — 40460 — 15918v° + 15120? — T112v% + 43120° + 15862v*

— 210" — 464800° — 303520 + 30562v" — 4949v'! — 63v + 376180°

— 8960 )u’ 4 (10066v° — 1404207 4 16520 + 40320% + 188020° — 182v

— 52360 4 212100 4 123340"% — 9184v* + 14v? — 75320° — 76580"3

— 155540v” — 98v™°)u® + (—1106v* — 10360° — 159530 + 107590° — 56630°
+ 770 — 11480 — 125370 + 2940 + 12978v™ + 6468v” — 143507 — 6790°
+ 57890 4 34720 )ut + (1120° — 20720 — 280" — 2100 + 221207

— 75600 + 24360° + 53200'% — 11200* — 6160° — 57820° 4 3920v'* — 38500°
+ 79800 + 1106v%)u® + (—8050v'? — 1337v'° + 3360v% — v'° — 6230v* 4 22407
— 98u™ + 77 + 73607 — 430v° — 5880 + 12250 + 7420° + 3570 + 630°

+ 150" u? + (440° + 1540% — 140 + 420v* — 25207 + 4060° — 207 — 1960°

— 5600°)u + (—490v'* + 280 + 700! + v'® — 81t 4+ 07 + 2801

— 560" — 150%)u'® = 0.
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Proof. Using the equations (2.1) and (2.4), we arrive at the equation (3.4). O
Theorem 3.4. If u:= H(q) and v:= H(q'®), then

(20" — 3v — 31930° + 110 — 20% + v'7 4 5150 — 78590° 4 40400 + 68560
+1640v* — 1 4 300 +8061v° + 49820 — 122370 — 5920% — 2782012)'®

+ (—81v 4 2097150° 4 13507 4 24506107 — 94502 — 1917v™ 4 12690'° + 88140v*
— 304290° — 378v'% 4 361698v'! — 4951320° — 1528500° — 6450720 + 298800
— 360" — 142467v"? + 5046030°%)u 'S + (—18912v* — 625920 4 54v — 6138v™?

+ 1494780 + 66600v° — 85524v™ — 1260 + 3375602 — 49788v" + 356700°

— 914040v° + 95658v° — 18v' ) u'" + v + 20 + 3v® + 576v* — 17360° + 29850°

— 145307 + 101310 — 3448v° + 119650 — 135420'° — 7064v'% — 110" — ¢'8

— 531v" + 26860 — 20" — 30! + (11152620'° + 263184v° — 5098560

4 152989805 + 1176420° — 208950v* — 677340"® — 54607 + 196260 — 61057207
+196224v" + 54120° — 1874736v° — 156v + 263400 — 97740 + 787500° )u'?

+ (41886v" — 4904310 + 1287v'" — 70560'° — 33047760° — 12681

+ 46492020° + 270180 — 2809410 + 1012689v" — 185688607 + 18529802

+ 6660 — 91761v° — 1510740° + 324528v* — 533520 )u'* + (—76512600°

— 1188v — 4453200* — 11303460" + 189000 — 303120"° + 61524v™* — 6356520
+ 494191805 — 230688v'° — 83718v° — 1764v'" + 38014020° + 7884v'°

4 10884060 4 412020 + 2319120°%)u'® + (—4297173v° — 860850

+ 513921v* + 170010 — 6317760 + 778407v" 4 21048v"* — 280170v°

— 53954400° + 1053v + 11700'7 + 4494210 + 90923040v® — 5844v° — 18180v?

— 6750 — 1976880 u'? + (—1543860° + 435292207 — 6219720" + 50977440°
— 134280'% + 8676180 — 414324v* + 1005480 — 84105360° + 49104v™

— 78550207 4 53820% 4 234v — 423846v™ + 46807 + 205740 4 281070v%)u'!

+ (—=1935v — 2379150° — 225907 — 4517940 + 242727v° — 4038567v° + 90450
4 252687v* — 24404790 4 123420607 + 146028v'° — 1951740 4- 1324802

+ 261450'% + 499557v' — 602010" + 51095610%)u'® + (—1208566v" + 2914v

+ 1148536v" — 2078766v% — 77160v* — 8545660 4+ 1680720° 4 291407

— 797920 + 9313220 — 7373340'° + 736440 — 267200% + 27165620°

— 267200 + 404866v"* — 3561000°)u’ + (993363v" + 15634500™°

— 1597389v!! 4 1248660 + 261450% + 1213467v'% — 93141v° — 2259v
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(3.5)

+ 132480 — 9453300° — 5575530 — 42648v* + 6510990° — 1935017

+ 5007630° — 534510 — 16969710%)u® + (538206 + 271620 4 661380°

+ 468v + 66618v"* — 202763400 — 108288v!* — 1342802 + 10962v"'° + 234v'7

+ 19063140 4 6278340° — 13098300 + 14101800 — 348096v° + 544524v™
—9055140°)u” + (—18180v'® + 250740 — 1075149v" — 6958261° + 3392040°

+ 11659590 — 4031190 — 882390v* + 1870425v° + 1053v'" — 1974363v"!

— 675v% + 164520° 4 1170v + 2186700v'° — 17691660 + 576900 )u’ + (20124v*
— 28803005 — 3876420 — 303120° 4 484320° — 11581140° + 148500 + 7884v*
+ 961500 + 1890006 — 11880 + 719400v" — 11955900'° + 787728v!!

— 1764v + 1363188v° — 381960"°)u® + (2392290° — 31113v* — 7056v% + 49788v"®
+ 7758450 4+ 66607 4 270180 4 1287v — 57895207 + 878760v° 4 10373402
—977373v% — 4213800 + 333900 — 126810 — 53586v™* — 21096v°)u?

+ (32628v™ + 263407 — 472920° + 3345360 + 26716807 — 9774v® + 6173280°
— 546v — 341640 — 15678v" — 156v'" — 519300° — 53248200 — 4847344°
4229680 — 9275402 + 54120'%)u® + (1350 + 208800 — 72198v" + 773100°

+ 12690% — 37807 4 393390 — 50877v° — 6804v° + 1890v* — 94506 + 643501°
— 810! 4 266850 — 101790 + 25110 — 33678v'?)u? + (31320

— 679080 — 36v° + 540! — 18v — 206520° — 5392207 4 7201 4 1352407

— 3708v* 4 404760 + 114720° — 15456v" + 75468v™ + 14196v%)u = 0.

Proof. Using the equations (2.1) and (2.5), we arrive at the equation (3.5). O
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