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Abstract

We present the strong convergence theorems for the viscosity iter-
ative scheme for finding a common element of the solution set of the
system of general variational inequalities for two arbitrary nonlinear
mappings and the fixed point set of a nonexpansive mapping in real 2-
uniformly smooth and uniformly convex Banach spaces. Furthermore,
we apply our main result with the problem of approximating a zero
point of accretive operators and a fixed point of strictly pseudocontrac-
tive mappings in Banach spaces. The main results presented in this
paper improve and extend some results in the literature.
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1 Introduction

Let X be a real Banach space and X™ be its dual space. Let C' be a subset
of X and let T be a self-mapping of C. We use F(T') to denote the set of fixed
points of T. Let U = {x € X : ||z|| = 1} be a unit sphere of X. X is said to
be uniformly convez if for each e € (0, 2], there exists a constant § > 0 such
that for any x,y € U,

|z — y|| > € implies ||$T+y|| <1-6.

The norm on X is said to be Gateauzr differentiable if the limit

ety ]
t—0 t

(1.1)

exists for each x,y € U and in this case X is said to be smooth. X is said
to have a uniformly Frechet differentiable norm if the limit (1.1) is attained
uniformly for x,y € U and in this case X is said to be uniformly smooth. We
define a function p : [0, 00) — [0, 00), called the modulus of smoothness of X,
as follows:

1
p(r) =sup{S(llz +yll +llo —yll) = 1: 2,y € X, 2 =1, |lyll = 7}.

It is known that X is uniformly smooth if and only if lim,_,o p(7)/7 = 0. Let
q be a fixed real number with 1 < ¢ < 2. Then a Banach space X is said to be
q-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < e7? for all
7> 0. For ¢ > 1, the generalized duality mapping J, : X — 2% is defined by

Jo(@) ={f € X" (&, f) = =% |Ifll = ll=]|"""}, Vo€ X

In particular, if ¢ = 2, the mapping J5 is called the normalized duality map-
ping (or duality mapping), and usually we write Jo = J. If X is a Hilbert
space, then J = I. Further, we have the following properties of the generalized
duality mapping J,:

(1) J,(z) = ||z||92J2(2) for all z € X with z # 0.

(2) J,(tx) =t J,(z) for all x € X and t € [0, 00).

(3) Jy(—x) = —Jy(x) for all x € X.

It is known that if X is smooth, then .J is a single-valued function, which
is denoted by j. Recall that the duality mapping j is said to be weakly se-
quentially continuous if for each {z,} C X with z, — x weakly, we have
Jj(x,) — j(x) weakly-x. We know that if X admits a weakly sequentially
continuous duality mapping, then X is smooth. Recall that a mapping f :
C — C is a contraction on C, if there exists a constant a € (0,1) such that
| f(x) = fy)] < al|lz—yl|, Vz,y € C. We use Il¢ to denote the collection of
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all contractions on C'. This is I = {f|f : C' — C a contraction}. A mapping
T :C — Cis said to be nonexpansive, if ||T'(z) —T(y)|| < ||z —vyl|, Vz,y € C.
Let A: C' — X be a nonlinear mapping. Then A is called

(i) L-Lipschitz continuous (or Lipschitzian) if there exists a constant L > 0
such that
[Az — Ayl < Lllz —yll, Vo,yeC;

(ii) accretive if there exists j(z — y) € J(x — y) such that
<AJ,‘ - Ay,j(l’ - y)) > 07 Vl’,y € O;

(iii) a- inverse strongly accretive if there exist j(z —y) € J(x —y) and a > 0
such that
(Az — Ay, j(x —y)) = ol Az — Ay|?, Va,y € C;

(iv) relazed (c,d)- cocoercive if there exist j(z —y) € J(xr — y) and two
constants ¢, d > 0 such that
(Ar = Ay, j(x —y)) = (=) Ax — Ay[|* + d||lz — y|?, Y,y €C.

Let C' be a nonempty closed convex subset of a real Hilbert space H. Recall
that the classical variational inequality is to find x* € C such that

(Az*,x —2*) >0, Vo eC,

where A : C' — H is a nonlinear mapping. Variational inequality theory has
emerged as an important tool in studying a wide class of obstacle, unilateral,
free, moving, equilibrium problems arising in several branches of pure and ap-
plied sciences in a unified and general framework. The variational inequality
problem has been extensively studied in the literature (see [1, 2, 3]).

In 2006, Aoyama et al. [4] first considered the following generalized varia-
tional inequality problem in Banach spaces. Let A : C' — X be an accretive
operator. Find a point * € C such that

(Az*, j(z — x%)) >0, VzeC. (1.2)

The set of solutions of problem (1.2) denoted by S(C, A). The problem (1.2)
is very interesting as it is connected with the fixed point problem for nonlinear
mapping and the problem of finding a zero point of an accretive operator in
Banach spaces (see [4]). For the problem of finding a zero point of a nonlinear
mapping (see [5, 6, 7]).

In 2010, Yao et al. [8] introduced the following system of general variational
inequalities in Banach spaces. For given two operators A;, Ay : C' — X, they
considered the problem of finding (z*,y*) € C' x C such that

* * ok g — %)) >

(Agz* +y* —a*, j(x —y*)) > 0, VxeC,
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which is called the system of general variational inequalities in a real Banach
space. Recently, Katchang and Kumam [9] introduced the following system
of general variational inequalities in Banach spaces. For given two operators
Ay, Ay : C' — X, they considered the problem of finding (z*,y*) € C' x C such
that

{ (MAWY +a2* =y j(z—2%)) >0, Vzel, (1.4)

(Ao Agz* +y* — 2, j(x —y*)) >0, Vx e C,

which is called the system of general variational inequalities in a real Banach
space. The problem of finding solutions of (1.4) by using iterative methods
has been studied by many others (see [10, 11, 12, 13]).

In this paper, motivated and inspired by the idea of Yao et al. [8] and
Katchang and Kumam [9], we introduce a new iterative method for finding a
common element of the set of solutions of the system of general variational
inequalities in Banach spaces for two arbitrary nonlinear mappings and the
set of fixed points of a nonexpansive mapping in real 2- uniformly smooth
and uniformly convex Banach spaces. We prove the strong convergence of the
proposed iterative algorithm without the condition of weakly sequentially con-
tinuous duality mapping. Our result improves and extends the recent results
of Yao et al. [8] and Katchang and Kumam [9].

2 Preliminaries

In this section, we recall the well-known results and give some useful lem-
mas that are used in the next section.

Lemma 2.1. (see [14]). Let X be a g-uniformly smooth Banach space with
1<q<2 Then

2+ yl|* < llzl|* + gy, Jo(x)) + 2| Ky|*
for all z,y € X, where K is the q-uniformly smooth constant of X.
Lemma 2.2. (see [15]). In a Banach space X, the following inequality holds:
lz + yll* < ll=l* + 2{y, j(x +y)), Yo,y € X,
where j(x +y) € J(x +y).

Lemma 2.3. (see [16]). Assume that {a,} is a sequence of nonnegative real
numbers such that
Ap41 S (1 - ’Yn)an + 5717 n Z 17
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where {7,} is a sequence in (0,1) and {4, } is a sequence such that
(i) 220:1 Tn = O0;
(ii) Hmsup,,_,s 0n/7m < 0 0r Y7 [0,] < 0.

Then lim,, ., a,, = 0.

Let C' be a nonempty closed convex subset of a smooth Banach space X
and let D be a nonempty subset of C. A mapping @ : C' — D is said to be
sunny if

Q(Qx +t(z — Qu)) = Qx,
whenever Qz + t(z — Qz) € C for x € C and t > 0. A mapping Q : C — D
is called a retraction if Qx = z for all x € D. Furthermore, () is a sunny
nonexpansive retraction from C' onto D if () is a retraction from C' onto D,
which is also sunny and nonexpansive. A subset D of C' is called a sunny
nonexpansive retraction of C' if there exists a sunny nonexpansive retraction
from C' onto D.

It is well known that if X is a Hilbert space, then a sunny nonexpansive
retraction ()¢ is coincident with the metric projection from X onto C.

Lemma 2.4. (see [17]). Let C be a closed convex subset of a smooth Banach
space X. Let D be a nonempty subset of C' and @) : C' — D be a retraction.
Then the following are equivalent:

(a) @ is sunny and nonexpansive.

(b) @z — QulP < (z — 1, 7(Q — Qu)) Var,y € C.

() (x— Qu,j(y— Qx)) <0, Vo € C,y € D.

Lemma 2.5. (see [18]). If X is strictly convex and uniformly smooth and
if T': C'— C is a nonexpansive mapping having a nonempty fixed point set
F(T), then the set F'(T) is a sunny nonexpansive retraction of C.

Lemma 2.6. (see [19]). Let {z,} and {y,} be bounded sequences in a Ba-
nach space X and let {b,} be a sequence in [0,1] with 0 < liminf, ,, b, <
limsup,,_,. b, < 1. Suppose that x,1 = (1—b,)y,+byx, for all integersn > 1
and lim sup,,_, o (|Yn+1 — Ynll = [|Tnt1 — n]|) < 0. Then, lim, o0 ||yn — zn|| = 0.

Lemma 2.7. (see [20]). Let C be a closed convex subset of a strictly convex
Banach space X. Let Ty and T, be two nonexpansive mappings from C' into

itself with F(Ty) (N F(Ty) # 0. Define a mapping S by
Sz =Tz + (1 - N1z, VreCl,
where X is a constant in (0,1). Then S is nonexpansive and F'(S) = F(T1) () F(T3).

Lemma 2.8. (see [21]). Let X be a real smooth and uniformly convex Banach
space and let r > 0. Then there exists a strictly increasing, continuous and
convex function g : [0,2r] — R such that g(0) = 0 and g(||z —y||) < ||z||* —
2(x,j(y)) + lyll* for all x,y € B,.
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Lemma 2.9. (see [16]). Let X be a uniformly smooth Banach space, C' be a
closed convex subset of X, T : C — C' be a nonexpansive mapping with F(T) #
0 and let f € M. Then the sequence {x;} defined by x, = tf(x;) + (1 — t)Txy
converges strongly to a point in F(T) as t — 0. If we define a mapping
Q : llec — F(T) by Q(f) = limyyox, Vf € Ilg, then Q(f) solves the

following variational inequality:

(I =NR), 1 Q) —p)) <0, Vfelle, pe F(T).
Next, we prove a lemma which is very useful for our consideration.

Lemma 2.10. Let C' be a nonempty closed convex subset of a real Banach space
X and let A\i, \y > 0 and Ay, Ay : C — X be two mappings. Let G : C — C be
defined by

G(z) = QolQc(x — A Asx) — MA1Qc(x — N Asz)], Vo € C.
If I — M\ Ay and I — My Ay are nonexpansive mappings, then G is nonexpansive.

Proof. For any x,y € C, we have

1G(z) = G| = 1Qc|@c(z — AdsAsz) — MA1Qc(x — A2 Arz)]
— QclQc(y — A2A2y) — MA1Qc(y — A2 Azy)]||
< [[Qc(z — AAaw) — MAIQc(z — AaAsx)
— (Qc(y — AaAzy) — MAIQc(y — A2 Azy)||
= [[(1 = AA)Qc(I — AgAs)z — (I — MAN)Qc(I — AAq)y|
< [lz =yl

This show that GG is a nonexpansive mapping. O

Lemma 2.11. (see [9]). Let C be a nonempty closed convex subset of a real
smooth Banach space X. Let Q¢ be the sunny nonexpansive retraction from
X onto C. Let A1, Ay : C — X be two possibly nonlinear mappings. For
given z*,y* € C, (z*,y*) is a solution of problem (1.4) if and only if z* =
Qo(y" — MAry") where y* = Qo(z™ — Ao Asz™).

Remark 2.1. From Lemma 2.11, we note that
7" = QclQc(r™ — AAsx™) — M AL1Qc (2" — A Axx™)],

which implies that z* is a fixed point of the mapping G, which defined as in
Lemma 2.10.
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3 Main results

We are now in a position to state and prove our main result.

Theorem 3.1. Let X be a uniformly convex and 2-uniformly smooth Banach
space with the 2-uniformly smooth constant K, let C' be a nonempty closed
convex subset of X and Q¢ be a sunny nonexpansive retraction from X onto
C. Let A1, Ay : C — X be two mappings. Let [ be a contractive mapping with
the constant o € (0,1) and let S : C — C be a nonexpansive mapping such
that Q = F(S)NF(G) # 0, where G is the mapping defined as in Lemma
2.10. For a given x1 € C, let {z,} and {y,} be the sequences generated by

Yn = QC(In - )\2A2In>7
Tpt1 = anf(-rn> + bnxn + CnSQC(yn - /\lAlyn)a n Z 17

where {a,}, {b,} and {c,} are three sequences in (0,1) such that

(i) ap+b,+c, =1, Yn>1;

(i) limy, oo an =0 and Y 7| a, = 00;

(iii) 0 < liminf, o b, < limsup,,_,. b, < 1.
If I—\1 Ay, I—X\y Ay are nonexpansive and lim,, o [|A1y,—A1y*|| = lim,, o || Aoz, —
Asz*|| = 0 for all z* € Q and y* = Qc(a* — AoAgx™). Then {z,} converges
strongly to q € 0, which solves the following variational inequality:

(q—f(@),jlg—p)) <0, Vfele, peq.

Proof. Step 1. We show that {z,} is bounded.
Let z* € Q and t,, = Qc(yn — M A1y,). It follows from Lemma 2.11 that

= QolQc(x" — A Asx™) — MA1Qc(x™ — Ay Agx™)).
Put y* = Qc(z* — A2 Asz*), then z* = Qo (y* — M A1y*) and
Tpi1 = anf(Tn) + bp2pn + ¢ Sty,.
Since I — N\;A; (i = 1,2) and Q¢ are nonexpansive. Therefore

[tn — 2" = [|Qc(yn — MA1Yn) — Qo (v — MAy™) || < lyn — ¥l
= |Qc(zn — Ao Asry,) — Qo (™ — Ao Asx™)|| < ||z — 27| (3.1)

and ||St, — z*|| < ||t, — 2*||. It follows that

lanf(2n) + butn + ¢ St, — 27|

| f(2n) = 2" + ballzn — 27| 4 cnlltn — 27|

anll f(7n) — 2| + (1 = an)||zn — 27|

anc||zn — x| + anl[f(27) — 27| + (1 = an)||lzn — 27|
an|| f (%) — 2% + (1 — an(1 — a)) ||z, — 27]|.

[Zns1 — ]|

VANVANVAN



2596 Suwicha Imnang and Suthep Suantai

By induction, we have

201 — 27| < max

[ f(z") — =] ‘
T llz =271}

Therefore, {z,,} is bounded. Hence {y,}, {t.}, {Aiyn}, {Asx,}, {St.} and
{f(z,)} are also bounded.

Step 2. We show that lim,, o ||2n11 — z,|] = 0.
By nonexpansiveness of Q¢ and I — A\ A; (i = 1,2), we have

[tnr1 — toll = [[Qo(Ynr1 — MALYns1) — Qo (yn — AMA1yy) ||
< Nns1 = Unll = Qe (Tngr — A2 Asni1) — Qo(Tn — Ao Aoy, ||
< ltni1 = 2l (32)
Let w,, = Z£=ba?n 'y N. Then Tpi1 = by + (1 — by)w, for all n € N and

1-by,

Tp+2 — bn—&-lxn—f—l Tp+1 — bnxn

Wp41 — Wy = 1— bn+1 - 1— bn
_ anJrlf(anLl) + Cn+15tn+1 N anf<xn) + CnStn
1— bn+1 1— bn
anp Qp,
= —Jrl(f(xn-i-l) - Stn-ﬁ-l) + (Stn - f(xn)) + Stn-ﬁ-l — St
1— bn+1 1-— bn
(3.3)
By (3.2), (3.3) and nonexpansiveness of S, we have
Ant1 n
[wnir = wnll = l[2nt1 = 2l < =M f(#n41) = Stasall + 1S5t = f(xn)]-
1-— bn+1 1 - bn
By this together with the conditions (ii) and (iii), we obtain that
lim sup ||wp41 — Wy — [|[Tne1 — 20| < 0.
n—oo
Hence, by Lemma 2.6, we get ||z, — w,|| — 0 as n — oco. Consequently,
lim ||z,41 — 2] = lim (1 = b,)||w, — ,|| = 0. (3.4)
n—oo n—oo

Step 3. We show that lim,, , ||Sx, — x| = 0.
Since

Tpt+l — Tp = an(f(xn) - xn) + Cn(‘Stn - xn)7
it follows from (3.4) and the conditions (i)-(iii) that

ISt — 2] — 0



Strong convergence of a viscosity iterative algorithm 2597

as n — 00.(3.5)Let r = sup,,> 1 {||zn — 2|, |yn — ¥*||, [|[tn — 2*||}. By Lemma
2.4 (b) and Lemma 2.8, we obtain

Itn — 2| = |Qc(yn — MA1yn) — Qo(y™ — M Ay
S <yn - AlAlyn - (y* - )\lAly*)7j(tn - [E*)>
= (W — Y J(tn — 27)) — M{Aryn — Ary™, j(tn — 27))
1 * * * *
< Sllyn -y 12+ It, — 2*1” — g(lyn — y* — (t, — 27)])]
+ M (A" — Ay, §(tn — 7)),

which implies

It — 21 < llym — ¥*1* = g(llyn — v = (tn — 29)||)
+ 22X (A1y* — Ay, J(t, — %))
<Mlyn = y*1* = g(llyn — v = (tn — 2%)||)
+ 22X | Ay — Avyal| |1t — 2*|. (3.6)

Similarly, we have

1yn — y* I = |Qc (20 — Ao Aszy) — Qo(x* — Ao Asz™)|?
<A(xp, — AgAsxy, — (" — XN A2™), (Y — ¥7))
= (Tn — 2", j(Yn — ¥")) — Aa(A2Tn — A22™, j(Yn — ¥"))
1 * * * *
< §[||$n — 2P+ llyn — 1P = 9(lzn — 2 = (0 — y)|)]

+ )\2<A2x* — AQZEn,j(yn - y*)>7

which implies

g = oI <l — 21 = g(llzn — 2" = (g0 — y)II)
+ 200 (Aox™ — Aoy, j(yn — Y))
<|lzn —2*|1? = gllzn — 2" = (yu —y)I)
+ 20| Asz™ — Aswy |||y — v7 . (3.7)
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From (3.6), (3.7) and the convexity of ||.||?, we have

|21 — 2 < anll (@) = 2*|° + ballzn — 2*|° + ¢y [tn — 27|12

< apl| f(zn) — 17*”2 + bl zn — 5E*||2
+ cnlllyn — v I = g(llyn — y* — (tn — 27)|))
+2M Ay — Avyalll[tn — 7]

< anl| f(2n) — x*||2 + bol|Tn — I*HQ
+cnlllzn — 2*|* = g([lzn — 2" = (yn — y)II)
+ 22| A2z” — Aol lyn — y*I| — 9(llyn — v* — (£ — 27)])
+ 20| Avy” — Avynl|||[tn — 27|]

= an| f(2n) = 2*|* + (1 = ap) |2, — 2|2
+ 2c, M| Ay — Awyalllltn — 2% + 2¢p A0 | Az™ — Ay [|[yn — y7||
—cng(lyn —y* = (ta — 29)) — cng(llzn — 2" = (yu — "))

which implies

ng([[yn —y" = (tn — 2)|) + cag(llzn — 2" = (yo — y)I)
< ap f(an) = 2P + 2 — 27 |* — [|2pa — 2"

+ 2ca A1 [|Ary" — Avynl[[Itn — 27| 4+ 2cp 0] Aoz™ — Aoy |[lyn — ¥
< apll f(2n) = 2|+ ln = Zopa [ (|20 — 2* [ + [[2000 — 27|

+ 2ep M| Ay — Avyalllltn — 27| + 2cp Aol Agz™ — Agzyl||lyn — v

By the conditions (ii)-(iii), (3.4) and lim,, 0 || A1yn — A1y*]| = limy,— 00 || Aoy, —
Ayx*|| = 0, we obtain

Tim gy, — 3" — (b —2)) =0 and lim g(|la, — 2 — (g, — 9)) = 0.
It follows from the properties of g that
Jim lyn —y* = (ta —27)[| = 0 and lim [l — 2" — (yn —y7)[| = 0.

Hence

[ = tall < llzn —yn — (@ =y )|+ lyn — tn — (¥ —27)[| = 0 as n — oc.
(3.8)

By (3.5) and (3.8), we have

152y — || < [|Sxy — St + (| St — 24|
< |lwn — tol| + [|Stn — xn]] = 0 as n — oo. (3.9)
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Define a mapping W : C' — C as
Wz =nSx+ (1—-n)Gzx, Yz eC,

where 7 is a constant in (0, 1). Then, it follows from Lemma 2.7 that F(W) =
F(G) F(S) and W is nonexpansive. From (3.8) and (3.9), we have

|20 — Wan|| = |lzn — (nSzn + (1 — 1)Gry)||
= lIn(zn = Szn) + (1 = n)(zn — G|
<nllzn — Szall + (1 —n)llan — Gy ||
= ||z, — Sxn|| + (1 —n)|lxn —tn]| >0 asn — oco.  (3.10)

Step 4. We claim that

limsup(f(q) — ¢,4(x, —q)) <0, (3.11)

n—o0

where ¢ = lim;_,o x; with z; being the fixed point of the contraction
z—tf(z)+ (1 —t)Wa.
From Lemma 2.9, we have ¢ € F(W) = F(G)( F(S) = Q and
(I =f)g,jlg—p)) <0, Vfellg, peQ.
Since zy = tf(x;) + (1 — t)Way, we have

[z = @nll = (1t (1) + (1 = )Wy — ]
= [T =)Wy — wn) + t(f (1) — x)|-

It follows from (3.10) and Lemma 2.2 that

oy — 2l = (1 = )W — ) + 1) — 2

(1= P, — 2l + 26F(22) — 7, 1 — 20))

(1= (W = Wan|| + [Wan — 2al)* + 26(f (21) — 20, j (20 — T0))

= (1= *(|Way = Wan|* + 2[Wa, = Wan[[|Way — zall + [Wan — 2]?)
+2t(f(xy) — mg, (20 — T0)) + 2(xs — Ty, (2 — )

< (=2t + )l — wall* + (1= 1) Qll2e — 2| [Wan — 20l + W — 20|*)
+ 2t (f(20) — 20, (20 — 20)) + 2|20 — 2]

= (L4 ) Jwe — @nll* + fult) + 26(f (we) — 21, j(2e — 20)), (3.12)

where f,,(t) = (1 —=6)?(2|lz; — zn|| + Wz, — 20| [W ez, — 2] = 0 as n — oo.
It follows from (3.12) that

<
<

(e — fl2e), j(1 — T00)) < %||$t—$n||2+fn2—(tt>. (3.13)
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Let n — oo in (3.13), we obtain that

limsup(z; — f(24), (2 — 2n)) < S M, (3.14)

t

n—o0 2

where M > 0 is a constant such that M > ||x; — z,]|* for all ¢t € (0,1) and
n > 1. Let t — 0 in (3.14), we obtain

lim sup lim sup(x; — f(a), j(z: — x,,)) < 0. (3.15)

t—0 n—00

On the other hand, we have

(fl@) —aq,§(xn —q)) = (f(@) = ¢, (xn — q)) — {f(q@) — ¢, §(2n — 2))

It follows that

limsup(f(q) — ¢, (zn — q))

n—oo
< limsup(f(q) — ¢,5(xn — q) = j(n — 2)) + ||z — g|[limsup ||z, — 2
n—oo n—oo

+ aflze — gl limsup [z, — @] + limsup(f(z:) — @, j(zn — 21)).

n—oo n—oo

Noticing that j is norm-to-norm uniformly continuous on a bounded subset of
C, it follows from (3.15) and lim;_,o z; = ¢ that

limsup(f(q) — ¢, j(z, — q)) = limsuplimsup(f(q) — ¢, j(zn —q)) < 0.

n— 00 t—0 n—o00

Hence (3.11) holds.
Step 5. Finally, we show that z, — ¢ as n — oo.
From (3.1), we have

|Znt1 — C]Hz = (Tnt1 = ¢, J(Tns1 — q))

= <an(f<mn) - Q) + bn(xn - Q) + Cn(Stn - Q)7j($n+1 - Q)>

= a,(f(2n) = £(0):J(ns1 — @) + bnlTn — ¢, j(Tns1 — @)
+ Cn<Stn - th(xn-&-l - Q)> + an<f(Q) - Q>j($n+l - Q)>
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< apallzn, — gl — all + ballzn — qlll| 7041 — 4|
+ el St = gll[[nir = all + an(f (@) = ¢ J (201 — q))
< ano|lzy = qll|znr1 = all + ballzn — qll[[zni1 — 4l
+ eallzn — glllznir — all + anlf(q) — ¢, 5 (Tn1 — q))
= (1 —an(1 — a))llzn — glllznsr — all + an(f(@) — ¢, (Tns1 — @)

)

< 27O gl 4 s — al) + 0 (@) — 4.5 — )
1- )

(1-«

- 2
an(l —« 1 )

< Ll O g 4 Ll — al + (@) — .3 — 1),

which implies

2(f(q) —q,J(xn41 — ¢
s~ < (1= a1 — ) — a + (1 — @) 2L =S 20D
It follows from Lemma 2.3, (3.11) and the condition (ii) that {z,} converges
strongly to ¢q. This completes the proof. O

The following examples show that there are mappings A; and Ay which
satisfy those conditions in Theorem 3.1.

Let X be a uniformly convex and 2-uniformly smooth Banach space with
the 2-uniformly smooth constant K, let C' be a nonempty closed convex subset
of X. Let A, Ay : C — X be aj—inverse strongly accretive and as—inverse
strongly accretive, respectively. If 0 < A\ < & and 0 < Ay < £%, then we
have

(1) I — A\ A; and I — A\ Ay are nonexpansive and

(2) || A1yn — A1y*|| = 0 and ||Asz, — Asz™|| — 0 as n — oo for all z* € )
and y* = Qc(z* — M\ Asx™) where {x,} and {y,} are two sequences defined as
in Theorem 3.1.

Proof. (1) For any x,y € C, it follows from Lemma 2.1 that

(T = XAz = (I = Ayl = llz —y = M(Aiz — Ayy)|?
<o —yll* = 2\ (Aiz — Ary, (@ — ) + 20 K2 Ay — Ayy)?
<o =yl = 2\ [|Arz — Ayyl® + 20 K?[| Ay — Ayy)?

= ||z — y|I* + 20 (M K? — oy)|| A1 — Ayl

It clear that if 0 < A\; < 2%, then I — A\{ A; is nonexpansive. Similarly, we can
show that I — Ay A, is nonexpansive.
(2) Let {z,} and {y,} be the sequences defined as in Theorem 3.1. From
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Lemma 2.1, nonexpansiveness of S, Q¢ and the convexity of ||.||?, we obtain

|Znt1 — I*HQ < an| f(zn) — x*HQ + bpll2n — x*||2 + cnlltn — x*HQ
< @l f(@n) = @17 + ballzn — 2" + calllyn — ¥ = M(Arya — A1y")|I?]
< an| f(zn) — x*”Q + by @y — $*||2
+ calllyn — Z/*H2 — 22 (A1yn — Ay, J(yn — ¥7)) + 2K2)\12’|A1yn - Aly*Hz]
< g f(20) = 2*|° + bp|l2n — 27|
+ealllyn =y 1P = 2Man | Ay — Ary|P + 202 K2 (| Avyn — Avy’|?]
= ag || f(xa) = 2" | + ballwn — 2*[1° + callyn — y*|1?
— 2, M (o — M K?)|| Avyn — Ay |2
< an| f(zn) — x*||2 + b ||lzn — x*||2 + callzn — 2" — Ao(Agwy — A2$*>”2
— 2,1 (o — M K?) || Avyn — Ay |]?
< ap || f(7n) — "E*”Q + bnl|Tn — I*HQ
+ cnlllzn — 2||* — 22 (Agzy, — Aga™j(x, — 2*)) + 202 K?|| Ag,, — Agz™||?]
— 2c, M\ (a1 — M K?)|| Ay, — At
< an| f(zn) — I*HQ + bpl|2, — x*”Q
+ cnll|zn — 2||* — 2X000|| Aoz, — Asx™||? 4+ 2022 K2 Ag,, — Agz*||?]
— 2, M (o — M K?)|| Avyn — Ay |2
= a || f(xn) = 2*|* + (1 = an)llan — 27| = 2,01 (1 = ME?) | Avy, — Avy™||?
— 2c, A0 (g — Mo K?) || Aoz, — Agz™*|?.

Which implies that

2Cn)\1(CY1 — )\1K2)]|A1yn — Aly*HQ -+ 2Cn)\2(a2 — )\QKQ)”AQ.Z'n — Ag.%*”z
< an|| f(zn) — x*Hz + |20 — 1‘*”2 — |zps1 — IL‘*H2

< anllf(@n) = 2"1* + llzn — @psa [ (20 — 27| + |lns1 — 27)-

From (i)-(iii) and (3.4), we obtain || A1y, — A1y*|| = 0 and || Asx,, — Asx™|| — 0
as n — oo. [

Let X be a uniformly convex and 2-uniformly smooth Banach space with
the 2-uniformly smooth constant K, let C' be a nonempty closed convex subset
of X. Let A; : C — X be relaxed (cf, d})-cocoercive and L;—Lipschitzian and
Ay : C — X be relaxed (¢}, d5)-cocoercive and Lo—Lipschitzian. If 0 < A\; <
% and 0 < Ay < %, then we have

(1) I — M\ A; and T — Mg Ay are nonexpansive and

(2) [JA1yn — A1y*]| — 0 and || Az, — Agz™|| — 0 as n — oo for all 2* € Q

and y* = Qc(z* — Ao Asz™) where {x,} and {y,} are two sequences defined as
in Theorem 3.1.
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Proof. (1) For any x,y € C, it follows from Lemma 2.1 that

(I = XAz — (I = Ayl = llz —y — M(diz — Ayy)|?

<o =yl = 20 (Ayz — Ayy, (@ — y)) + 20 °K2|| Ay — Ayy]?

<z —yl* = 2x (=i Az — Avyl]® + di |z — yII?) + 20 ° K2 (| Ay — Ayy)?
<z = yl* + 2006 Ln? = Mdy + K2\ Ly?) [z — g1,

Kk 2
It clear that if 0 < A\ < 4 ;IL; , then I — A\{A; is nonexpansive. Similarly,
K2I,

we can show that I — A3 Ay is nonexpansive.
(2) Let {z,} and {y,} be the sequences defined as in Theorem 3.1. From
Lemma 2.1, nonexpansiveness of S, Q¢ and the convexity of ||.||?, we obtain

[Zn11 — 2|7 < anl| f(n) = 2|7 + ballzy — 2*|° + col[tn — 2|12
< anllf(wn) = 2|+ bullzn = 2N + calllyn — ¥ = M (Aryn — Ary")||’]
< ap| fwn) = 2| + bl — 2"
+ calllyn — ?J*H2 — 22\ ( Ay — Ay 5 (Y — y7)) + 2K2>\12HA1% - Aly*HQ]
< an| f(zn) — I*HQ + bpl|x, — :E*||2
+eallyn =y IP = 20 (=il Ay — Ay |1 + dillyn — y7|7)
+ 202K Ay, — Aryt]
< ap| fwn) = 2| + bl — 2"
Iyt

A n_A * (|2
L2 [ Ary 1yl

+ enlllyn — y7II* + 20l Avyn — Avy|* —

+ 207 K2 || Avyn — A7)
= ap|| f(xn) — 2> + bullzn — 2> + callyn — v |17

d; X
—2e (1 = = MK A — Ay
1
< anllf(@n) = 2|2 + bullon — 277 + eallrn — 2 = Aa(Agzn — Agz)|?
d; X
= 2e (1 = ¢ = MK [ A — Ay
1

< anlf () — 2| + bullen — 2°?
+ cuf|lzn — x*||2 — 22X (Ao, — Agx™, j(x, — x¥))
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+ 2K Agar, — Aga®||?]
d*
— 2cn/\1(L_12 - CT - >\1K2)||A1yn - Aly*l|2
1

< ap | f(zn) = 2| + bulln — 2*?
+ Cnlllzn — 2%))? = 2X0a(=C|| Asn — Aga®||? + d5|| 20 — 2*|?)
+ 2K202 | Az, — Agz™|)?]
d*
- QCn/\l(L—l

2
1

< | f(zn) = 2| + bulln — 27

—c = )\1K2)||A13/n - A1y*||2

2o
L2

+ eul||ln — gz:*||2 + 2905 || Ag,, — AQI'*HQ — ||Asz,, — Aga:*||2

+ 2K\ Agzy, — Agz*||?]

_ zcm(g—l’f? = MK Ay, — Ay
= | f(2a) — 2|2 + (1 = a)|lzn — 2|

_ QC"M% = MK Ay, — Ay

d
— QCn/\Q(L—22 — C; — )\2K2)||A2l’n — AQI*HQ.
2

Which implies that

d*
2en (775 = € = MEP) [ Ay — Avy|”

1

dx
+ 2Cn)\2(L—22 - C; - )\2K2)||A2xn — A2$*||2

2

< anllf(@n) = 2|° + ll2n — 27 = l|2nss — 27|
n
)

< anllf(@n) = 27I* + 2w — asa (e — 27 + lngs — 27))-

From (i)-(iii) and (3.4), we obtain || A1y, — A1y*|| — 0 and || Asx,, — Asz™|| — 0
as n — oo. [l

By using the same proof as in Example 3 and Example 3, we obtain the
following example.

Let X be a uniformly convex and 2-uniformly smooth Banach space with
the 2-uniformly smooth constant K, let C' be a nonempty closed convex subset
of X. Let A; : C — X be a—inverse strongly accretive and Ay : C' — X be
relaxed (c, d)-cocoercive and L—Lipschitzian. If 0 < A\; < 3% and 0 < Ay <
%, then we have

(1) I — A\ Ay and I — A\ Ay are nonexpansive and

(2) [JA1yn — A1y*]| — 0 and || Az, — Asz™|| — 0 as n — oo for all z* € Q
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and y* = Qc(x* — My Asx*) where {x,} and {y,} are two sequences defined as
in Theorem 3.1.

Let A be the class of all a;-inverse-strongly accretive mappings from C' into
X, B the class of all as-inverse-strongly accretive mappings from C into X, C
the class of all L-Lipschitzian and relaxed (c, d)-cocoercive mappings from C
into X and D the class of all L;-Lipschitzian and relaxed (c*, d*)-cocoercive
mappings from C' into X.

From Theorem 3.1, Example 3 - 3, we obtain the following result.

Corollary 3.2. Let X be a uniformly convexr and 2-uniformly smooth Banach
space with the 2-uniformly smooth constant K, let C' be a nonempty closed
convex subset of X and Q¢ a sunny nonexpansive retraction from X onto C.
Let Ay, Ay : C'— X be two mappings satisfying one of the following conditions:

(1) A16A7A26870<)\1<% and0<)\2<%;

(2) A €C, Ay €D, 0< A < G and 0.< Ny < T 18

(3) A1 €A A €C,0< A <% and 0 < Ay < e
Let f be a contractive mapping with the constant o € (0,1) and S : C' — C
a nonexpansive mapping such that Q = F(S)F(G) # 0, where G is the
mapping defined as in Lemma 2.10. For a given x1 € C, let {z,} and {y,} be

the sequences generated by

{ Yn = QC’(xn - )\2A2$n)>

Tp+1 = anf($n) + bnxn + CnSQC(yn - )\1A1yn)a n 2 17

where {a,},{b,} and {c,} are three sequences in (0,1). If the conditions (i)-
(#ii) in Theorem 3.1 hold, then {z,} converges strongly to q € S0, which solves
the following variational inequality:

(q— f(q),i(g—p)) <0, Vfellg, pe.

Remark 3.1. Corollary 3.2 improves and extends Theorem 3.4 of Katchang
and Kumam [9] and Theorem 3.1 of Yao et al. [8].

4 Applications

Using Corollary 3.2, we prove two theorems in a real Banach space.

In a real Banach space X, we recall that an accretive operator T is m-
accretive if R(I 4+ rT) = X for all » > 0, where I is the identity operator. The
set of zero of T is denoted by T-1(0), that T-'(0) = {z € D(T) : 0 € T(2)}.
We denote the resolvent of T by JI' = (I + rT)~! for each r > 0, it is known
that if T" is m-accretive then JT : X — X is nonexpansive and F(J!) = T-1(0)
for each r > 0.
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Theorem 4.1. Let X be a uniformly convex and 2-uniformly smooth Banach
space with the 2-uniformly smooth constant K. Let A : X — X be an (-
B

inverse-strongly accretive mapping with 0 < A < 5 and f be a contraction of

E into itself with the constant o € (0,1). Let T be an m-accretive mapping
such that @ = A=1(0)T~(0) # 0. For a given v, € C, let {z,} and {y,} be

the sequences generated by

Yn = Tp — NAx,,,
Tpt+1 = anf<wn) + bnxn + CnJ;(yn - )‘Ayn)v n Z 1a

where {a,},{b,} and {c,} are three sequences in (0,1). If the conditions (i)-
(i11) in Theorem 3.1 hold, then {x,} converges strongly to q € Q, which solves
the following variational inequality:

(¢—f(q),j(@g—p)) <0, Vfellg, pe

Proof. We have A = A\ = \,A = A = Ay, C = X and Qx = I. In this
case, we have A71(0) = F(I — MA) = S(X, A) (see [4]). We want to show
that S(X,A) = F(G). Indeed, it is sufficient to show that FI(G) C S(X, A).
Let z* € F(G), then x* = y* — AMAy*, where y* = x* — MAz*. We claim that
x* = y*. Assume that z* # y*, therefore Ax* # 0, Ay* # 0 and Ay* — Ax* # 0.
It follows from Example 3(1) that

l2* = y|I* = |1 = AA)y™ — (I — AA)"]*
< ly* = 2"|* + 20K = B)|Ay” — Az™|* < |ly* — 2”|?,

which hence leads to a contradiction. This show that x* = y*, therefore
" € F(I — MA) = S(X,A) = A71(0). Thus, by Corollary 3.2, we obtain the
desired result. O]

Let C be a nonempty closed convex subset of X. A mapping T : C' — C k-
strictly pseudocontractive (see [22]) if for each z,y € C, there exists a constant
k>0 and j(z,y) € J(x,y) such that

(Te =Ty, jx —y)) < llz—ylI* =kl = T)z — (I = T)ylI*. (4.1)
It is clear that (4.1) is equivalent to the following:
(I =T)x— (I =Ty j(x—y)) > kIl(I = T)x — (I - T)y*.

Hence, if T is k-strictly pseudocontractive then (I — T') is k-inverse-strongly
accretive mapping.

Theorem 4.2. Let X be a uniformly convex and 2-uniformly smooth Banach
space with the 2-uniformly smooth constant K, let C' be a nonempty closed
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convex subset and a sunny nonexpansive retraction of X. Let the mappings
T, Ty : C'— C be ky-strictly pseudocontractive and ko-strictly pseudocontrac-
tive with 0 < A\ < % and 0 < Ay < %, respectively. Let f be a contractive
mapping with the constant o € (0,1) and S : C' — C' a nonexpansive mapping
such that Q@ = F(S) N F(G) # 0, where G is the mapping defined as in Lemma

2.10. For a given x, € C, let {x,} and {y,} be the sequences generated by

Yn = (1 = A)zp + Ao Tox,,
Lp41 = anf(xn) + by, + CnS((l - /\1>yn + Allen>7 n>1,

where {an}, {b,} and {c,} are three sequences in (0,1). If the conditions (i)-
(#i) in Theorem 3.1 hold, then {z,} converges strongly to q € S0, which solves
the following variational inequality:

(q— f(q),j(g—p)) <0, Vfellg, pe.

Proof. Let Ay =1—"T) and Ay = I —T5, then A; is ki-strictly pseudocontrac-
tive and Aj is ko-strictly pseudocontractive, respectively. Since C' is a sunny
nonexpansive retraction of X, there exists a sunny nonexpansive retraction Q¢
such that

Qc(lfn - )\2A2$n) =T, — A Aoz, = (1 - )\2)!% + XTI,
and

QC(yn - )\1Alyn) =UYn — >\1A1yn = (1 - Al)yn + Allen-
Therefore, the conclusion follows immediately from Corollary 3.2. n
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