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Abstract

In this paper we prove the existence and the uniqueness of the so-
lutions of the Hammerstein-Volterra integral equation in the space of
the absolutely continuous functions endowed with the bounded varia-
tion norm. After that, we find the resolvent of the corresponding linear
integral equation in order to obtain a variation of parameters formula
for the solutions of this linear equation. Finally, this formula of varia-
tion of parameters is used to study the controllability of the equations
which were mentioned.
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1 Introduction

Although Du Bois-Reymond introduced the term “integral equation” in 1888,
the history of such equations goes back to Laplace, who used his integral
transform in 1782 to resolve some differential equations. In 1896 Volterra gave
a general treatment of the class of equation that bearing his name and later, in
1903, Fredholm discussed a sort of integral equations that include the Volterra
equations2. Since then the integral equations have been studied in the set of
the continuous or differentiable functions; but such as it is done in the articles
[5], [6], [7], [8] , [10], [13] and the book [17]; in the course of the last decades
the study of this class of equations has considered diverse spaces of bounded
variation functions and several types of integrals. The present work follows
this tendency, since in the section 2 we prove the existence and uniqueness of
the solution of nonlinear problem{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)f(x(s))ds,

x(a) = x0 ∈ R,
(1)

in the space of the absolutely continuous functions, which is denoted by AC[a, b],
endowed with the bounded variation norm ‖ u ‖:= | u(a) | + V (u), where
V (u) is the bounded variation of the function u. In order to justify the choice
of space AC[a, b], we bring here the comment which is found in [6]: “... there
have appeared some papers concerning the existence of solutions, in particular,
continuous solutions of basic nonlinear integral equations which are functions
of bounded classical variation in the sense of Jordan (...). The motivation to
consider such solutions comes from practical sciences. It appears that solu-
tions to many integral equations which describe concrete physical phenomena
are frequently functions of bounded variations (BV) in the sense of Jordan”.
Furthermore, in [8] is pointed out: “ It is well known that neither Riemann
nor even the Lebesgue integral is enough to be able to integrate an arbitrary
derivative that is the fundamental theorem of calculus, namely∫ b

a

f ′(x)dx = f(b) − f(a)

does not have to hold, if we assume only that f ′ is either Riemann or Lebesgue
integrable on [a, b]”. These two references suggest that must be interesting to
investigate the solutions of the integral equations in AC[a, b] endowed with the
norm of bounded variation, since this space is an important class of continuous
functions which is contained in the set of bounded variation functions and
moreover, the fundamental theorem of calculus holds in AC[a, b]; which we
use in the section 3.

2This reference is a paraphrase of the start of the historical introduction in [15].
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Another aspect in the study of the integral equations concerns with the
representation of the solutions. In this sense, there are known a large num-
ber of formulas for the solutions of certain integral equations in the space of
continuous or differentiable functions, many of which appear in [16]. Other
example is found in the book [14], which contains a formula for the solution of
the Volterra-Stieltjest integral equation on the space of regulated function. In
the same way, in the section 3 of this work, we give a variation of parameters
formula for the solutions of the above problem (1) when f : R −→ R is the
identity function.

Finally, an important issue in the study of the integral equations is its
controllability. Examples on the study of the controllability of the integral
equations are found in the papers [2], [3], [4], [9], [18] and [19]. In the same
manner, in section 4 of this work, we prove the exact controllability of the
linear problem{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)x(s)ds,

x(a) = x0 ∈ R,

where the control function g belongs to AC[a, b]. Then, in the section 5, we
prove the controllability of the nonlinear system (1).

It is noteworthy to be indicated the integral symbol in the above equations
is referred to the Lebesgue’s integral and the interested reader in the proper-
ties about absolutely continuous functions, bounded variation functions and
Lebesgue’s integral, which are used in this paper, can consult [1], [11] and [12].

2 Existence and Uniqueness of Solutions

In this section we prove the existence and the uniqueness of the solution for
the initial value problem{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)f(x(s))ds,

x(a) = x0 ∈ R,

in the space of absolutely continuous functions with the bounded variation
norm. To that end, we assume that the function f : R −→ R in the above
integral equation is globally Lipschitz, with Lipschitz constant L ≥ 0, i.e.,

|f(t) − f(τ)| ≤ L |t − τ | ∀ t, τ ∈ R.

Furthermore, we denote the space of the absolutely continuous functions, en-
dowed with the bounded variation norm ‖ u ‖:= | u(a) | + V (u), by AC[a, b],
where V (u) is the bounded variation for u.
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Definition 2.1 A function K : T −→ R is uniformly Lipschitz in
the first variable, if there exists A ≥ 0 such that

| K(t, s) − K(τ, s) | ≤ A | t − τ |

for all the pairs (t, s) and (τ, s) belonging to the set T , where T is defined by

T := {(t, s) ∈ R
2 : a ≤ t ≤ b , a ≤ s ≤ t}.

Assumption 2.1 From now on we suppose that

1. K is uniformly Lipschitz in the first variable,

2. sup
s∈[a,b]

| K(s, s) | < ∞ and

3. K(t, ·) : [a, t] −→ R is Lebesgue-integrable for each t ∈ [a, b].

Remark 2.1 As a straightforward consequence of the above definition and
the second part of Assumption 2.1, we obtain that the function K is bounded.

Example 2.1 An example of the sort of functions of the Assumption 2.1
is K(t, s) := f(t) · g(s), where f : [a, b] −→ R is a Lipschitz function and
g : [a, b] −→ R is a bounded Lebesgue-integrable function.

Proposition 2.1 Let t be any real number belonging to [a, b]. If
x ∈ AC[a, b], then the function s 	→ K(t, s)f(x(s)) is a Lebesgue-integrable
function; in other words, the following function is well defined

t 	→
∫ t

a

K(t, s)f(x(s))ds.

Definition 2.2 Given x ∈ AC[a, b], we define

F (x) : [a, b] −→ R ; F (x)(t) :=

∫ t

a

K(t, s)f(x(s))ds.

Theorem 2.1 If x ∈ AC[a, b], then F (x) ∈ AC[a, b].

Proof. Let {(ck, dk)}n
k=1 be a family of open intervals, disjoint pairwise,

which are contained in [a, b]. Observe that

n∑
k=1

| F (x)(dk) − F (x)(ck) |
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=

n∑
k=1

∣∣∣∣∣
∫ dk

a

K(dk, s)f(x(s))ds −
∫ ck

a

K(ck, s)f(x(s))ds

∣∣∣∣∣
=

n∑
k=1

∣∣∣∣∣
∫ ck

a

K(dk, s)f(x(s))ds −
∫ ck

a

K(ck, s)f(x(s))ds +

∫ dk

ck

K(dk, s)f(x(s))ds

∣∣∣∣∣
≤

n∑
k=1

∫ ck

a

| K(dk, s) − K(ck, s) | · | f(x(s)) | ds +

n∑
k=1

∫ dk

ck

| K(dk, s) | · | f(x(s)) | ds

≤ max
s∈[a,b]

| f(x(s)) |
{

A
n∑

k=1

(dk − ck)(b − a) + sup
(t,s)∈T

| K(t, s) |
n∑

k=1

(dk − ck)

}

= max
s∈[a,b]

| f(x(s)) |
{

A(b − a) + sup
(t,s)∈T

| K(t, s) |
}

n∑
k=1

(dk − ck) .

From here the proof follows easily.

�

Definition 2.3 Given any x0 ∈ R, x, g ∈ AC[a, b] and λ ∈ R, we
define the function Gg,λ(x) : [a, b] −→ R by

Gg,λ(x)(t) := x0 + g(t) − g(a) + λ

∫ t

a

K(t, s)f(x(s))ds

=
(
x0 − g(a)

)
+ g(t) + λF (x)(t) .

Proposition 2.2 If x ∈ AC[a, b], then Gg,λ(x) ∈ AC[a, b].

Now we are ready to prove the main result of this section.

Theorem 2.2 Let x0 be any real number. Then, there is a real number
ρ > 0 such that for a real number λ with | λ | ≤ ρ and g ∈ AC[a, b], the
initial value problem{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)f(x(s))ds,

x(a) = x0 ∈ R,

admits only one solution xg in AC[a, b].
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Proof. Let us choose any x0 ∈ R and a function g ∈ AC[a, b]. Note that

‖ Gg,λ(x) − Gg,λ(y) ‖ = | λ | ‖ F (x) − F (y) ‖ = | λ | V (F (x) − F (y)).

Now, given any partition Π : a = t0 < t1 < · · · < tn = b of interval [a, b],
we have that

V (F (x) − F (y))

= sup
Π

n∑
i=1

| (F (x) − F (y))(ti) − (F (x) − F (y))(ti−1) |

= sup
Π

n∑
i=1

∣∣∣∣∣
∫ ti

a

K(ti, s)[f(x(s)) − f(y(s))]ds−
∫ ti−1

a

K(ti−1, s)[f(x(s)) − f(y(s))]ds

∣∣∣∣∣
≤ sup

Π

[
n∑

i=1

∫ ti−1

a

| K(ti, s) − K(ti−1, s) | · | f(x(s)) − f(y(s)) | ds

+
n∑

i=1

∫ ti

ti−1

| K(ti, s) | · | f(x(s)) − f(y(s)) | ds

]

≤ sup
Π

{
L ‖ x − y ‖

[
n∑

i=1

∫ ti−1

a

A(ti − ti−1)ds + sup
(t,s)∈T

| K(t, s) |
n∑

i=1

(ti − ti−1)

] }

≤ L
[

A(b − a)2 + (b − a) sup
(t,s)∈T

| K(t, s) |
]
‖ x − y ‖ .

Hence and the above equality for ‖ Gg,λ(x)−Gg,λ(y) ‖, we ensure the existence
of a real number ρ > 0 such that the function Gg,λ : AC[a, b] −→ AC[a, b] is a
contraction for each λ ∈ R with |λ| ≤ ρ. The Banach’s fixed point theorem
implies the existence of an unique function xg ∈ AC[a, b], which is the fixed
point of the function Gg,λ : AC[a, b] −→ AC[a, b]. But this means that the
function xg is a solution of the above initial value problem.

�

Remark 2.2 The number ρ > 0 in the above Theorem 2.2 do not depend
on the function g ∈ AC[a, b].
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3 A Formula for the Solutions of Linear Prob-

lem

We start this section defining a normed space whose elements are real functions
of two independent variables. By means of this space we find a function R(t, s)
called the resolvent, which will allow us to write a variation of parameters
formula for a solution of the linear problem{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)x(s)ds,

x(a) = x0,
(2)

in the space AC[a, b].

Definition 3.1 We define the vector space H by

H := {U : T −→ R : U is continuous , sup
s∈[a,b),t�=τ

| U(t, s) − U(τ, s) |
| t − τ | < ∞}.

Moreover, we define a norm by

‖ U ‖:=‖ U ‖1 + ‖ U ‖2,

where U ∈ H,

‖ U ‖1 := max
(t,s)∈T

| U(t, s) | and ‖ U ‖2 := sup
s∈[a,b),t�=τ

| U(t, s) − U(τ, s) |
| t − τ | .

Proposition 3.1 The pair (H, ‖ · ‖) is a Banach space.

Remark 3.1 If K ∈ H, then it has each one of the properties which were
mentioned in the Assumption 2.1.

Now, for a fixed K ∈ H, we define an integral operator F : H → H, which
will play an important role in this section, by the formula

F(U)(t, s) :=

∫ t

s

K(t, σ)U(σ, s)dσ, U ∈ H.

Theorem 3.1 The above operator F is a well defined bounded linear op-
erator from H into H.

Proof. The proof will be given by claims:
Claim 1. If U ∈ H, then the function F(U) is continuous.
Claim 2. If U ∈ H, then ‖ F(U) ‖2 < ∞. In fact, let us suppose that

s ∈ [a, b) and, without lost of generality, let us assume that s ≤ τ < t. Observe
that

| F(U)(t, s) − F(U)(τ, s) |
| t − τ |
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=
| ∫ t

s
K(t, σ)U(σ, s)dσ − ∫ τ

s
K(τ, σ)U(σ, s)dσ |

| t − τ |

≤ max
(t,s)∈T

| U(t, s) | · sup
s∈[a,b)

| K(t, s) − K(τ, s) |
| t − τ |

∫ τ

s

dσ

+
1

| t − τ | max
(t,s)∈T

| U(t, s) | · max
(t,s)∈T

| K(t, s) |
∫ t

τ

dσ

≤ ‖ U ‖1 (‖ K ‖1 + (b − a) ‖ K ‖2).

Claim 3. If U ∈ H, then the function F(U) ∈ H.
Claim 4. There exists a constant C > 0 such that ‖ F(U) ‖ ≤ C ‖ U ‖

for each U ∈ H. Moreover, let us observe that

| F(U)(t, s) | =

∣∣∣∣∣
∫ t

s

K(t, σ)U(σ, s)dσ

∣∣∣∣∣
≤ max

(t,s)∈T
| U(t, s) | · max

(t,s)∈T
| K(t, s) |

∫ t

s

dσ

≤ (b − a) max
(t,s)∈T

| K(t, s) | · max
(t,s)∈T

| U(t, s) |

= (b − a) ‖ K ‖1‖ U ‖1 .

Consequently, we have that

‖ F(U) ‖1 ≤ (b − a) ‖ K ‖1‖ U ‖1 .

The proof of the above claim 2 imply that

‖ F(U) ‖2 ≤ (‖ K ‖1 + (b − a) ‖ K ‖2) ‖ U ‖1 .

From here we can complete the rest of the proof.

�

Now, we are ready to present and prove one of the most important results
of this section.
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Theorem 3.2 Let fix any function K ∈ H. There is a real number ρ > 0
in such a way that if | λ | < ρ, then there exists a unique function R ∈ H,
which achieves the equality

R(t, s) = 1 + λ

∫ t

s

K(t, σ)R(σ, s)dσ,

for each pair of real numbers t and s such that a ≤ s ≤ t ≤ b.

Proof. The proof follows from the fact that F is a linear bounded operator
and applying the Banach’s fixed point theorem to the operator T λ : H −→ H,
which is given by

T λ(U) := 1 + λ F(U).

�

Remark 3.2 In the above Theorem 3.2, the function R can depend on the
real number λ.

Remark 3.3 The function R in the Theorems 3.2 satisfies R(t, t) = 1 for
t ∈ [a, b] and will allow us to find a representation of the solution of the linear
problem (2) by means of two functions u and v, which are defined below.

Definition 3.2 For each y0 ∈ R, we define u : [a, b] −→ R by u(t) :=
R(t, a)y0.

Proposition 3.2 The function u in the Definition 3.2 belongs to the space
AC[a, b].

Proof. It follows from Definition 3.1 of H.

�

Lemma 3.1 Let us fix λ ∈ R such that | λ | < ρ. Given any y0 ∈ R, we
have that

u(t) = y0 + λ

∫ t

a

K(t, σ)u(σ)dσ,

for each real number t ∈ [a, b].

Proof. It follows from the Theorem 3.2 by putting s = a and multiply by
y0 both sides of the equality appearing in this theorem.

�

Before defining the function v which was mentioned, let us enunciate the
following technical lemma.
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Lemma 3.2 If K ∈ H and g ∈ AC[a, b], then∫ t

a

[ ∫ t

s

K(t, σ)R(σ, s)dσ

]
g′(s)ds =

∫ t

a

[
K(t, σ)

∫ σ

a

R(σ, s)g′(s)ds

]
dσ

Proof. It follows applying the Fubinni Theorem to the function
R̃ : [a, b] × [a, b] −→ R;

R̃(t, s) =

{
R(t, s) if a ≤ s ≤ t,

0 if t < s ≤ b.

�

Definition 3.3 We define v : [a, b] −→ R by

v(t) :=

∫ t

a

R(t, s)g′(s)ds.

Proposition 3.3 The function v in the Definition 3.3 belongs to AC[a, b].

Proof. Let {(ck, dk)}n
k=1 be a family of open intervals, disjoint pairwise,

which are contained in [a, b]. Observe that

n∑
k=1

| v(dk) − v(ck) | =

=

n∑
k=1

∣∣∣∣∣
∫ dk

a

R(dk, s)g
′(s)ds −

∫ ck

a

R(ck, s)g
′(s)ds

∣∣∣∣∣

=
n∑

k=1

∣∣∣∣∣
∫ ck

a

[
R(dk, s) − R(ck, s)

]
g′(s)ds +

∫ dk

ck

R(dk, s)g
′(s)ds

∣∣∣∣∣

≤ ‖ R ‖
[∫ b

a

| g′(s) | ds ·
(

n∑
k=1

(dk − ck)

)
+

n∑
k=1

∫ dk

ck

| g′(s) | ds

]
.

From here the proof can be completed.

�
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Lemma 3.3 If K ∈ H and g ∈ AC[a, b], then

v(t) = g(t) − g(a) + λ

∫ t

a

K(t, σ)v(σ)dσ.

Proof. From Lemma 3.2 and Theorem 3.2, we have that

v(t) − λ

∫ t

a

K(t, σ)v(σ)dσ =

∫ t

a

R(t, s)g′(s)ds − λ

∫ t

a

K(t, σ)

[∫ σ

a

R(σ, s)g′(s)ds

]
dσ

=

∫ t

a

R(t, s)g′(s)ds − λ

∫ t

a

[∫ t

s

K(t, σ)R(σ, s)dσ

]
g′(s)ds

=

∫ t

a

R(t, s)g′(s)ds −
∫ t

a

[R(t, s) − 1]g′(s)ds =

∫ t

a

g′(s)ds = g(t) − g(a).

From here the proof can be completed.

�

As a consequence of the Lemmas 3.1 and 3.3, we obtain the following im-
portant result of this work.

Theorem 3.3 Let us suppose that | λ |< ρ , K ∈ H, g ∈ AC[a, b] and
y0 ∈ R. A solution y ∈ AC[a, b] for the problem with initial condition{

y(t) − y(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)y(s)ds,

y(a) = y0

can be expressed by

y(t) = R(t, a)y0 +

∫ t

a

R(t, s)g′(s)ds,

where R is the function which was found in the Theorem 3.2.

Remark 3.4 If the real number ρ in the above theorem 3.3 is small enough,
then the solution which we mentioned there is unique.
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4 Controllability of Linear Problem

In this section we shall prove the exact controllability of the linear system{
y(t) − y(a) = g(t) − g(a) + λ

∫ t

a
K(t, s)y(s)ds,

y(a) = y0.
(3)

To that end, we shall use the formula for the solution of the initial value
problem (3), which is given by Theorem 3.3; that is to say,

y(t) = R(t, a)y0 +

∫ t

a

R(t, s)g′(s)ds.

But, before that, we shall give the definition of exact controllability for the
above system (3).

Definition 4.1 We say that the system (3) is exactly controllable on
the interval [a, b], if for each pair of real numbers y0 and y1 there exist a
function g ∈ AC[a, b] and a solution y ∈ AC[a, b] of the system (3), which
can depend on g, such that y(a) = y0 and y(b) = y1.

Assumption 4.1 In this section and the next one, we shall assume that λ
is such as in the Theorem 3.3 statement.

Definition 4.2 We define the controller map G : AC[a, b] −→ R by

G(g) = R(b, a)y0 +

∫ b

a

R(b, s)g′(s)ds.

Proposition 4.1 The system (3) is exactly controllable on [a, b] if, and
only if, Rang(G) = R.

Theorem 4.1 The system (3) is exactly controllable on the interval [a, b].
Moreover, a control g ∈ AC[a, b] steering the system (3) from an initial state
y0 to a final state y1 on [a, b] is given by

g(t) :=
y1 − R(b, a)y0∫ b

a
R(b, s)h(s)ds

∫ t

a

h(σ)dσ,

where h : [a, b] → R is any continuous function such that∫ b

a

R(b, s)h(s)ds 
= 0.

Proof. From the foregoing Proposition 4.1, it is enough to prove that Rang(G) =
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R. In order to show this, let us recall the function R in the Theorem 3.3 is con-
tinuous. From this and Remark 3.3, there is an interval I := (b − δ, b] ⊂ [a, b]
such that R(b, s) > 0 for each s ∈ I. Now note that we can find a continuous
function h : [a, b] −→ R such that{

h(x) > 0 if x ∈ I,

h(x) = 0 if x ∈ [a, b] \ I.

Hence,
∫ b

a
R(b, s)h(s)ds =

∫
I
R(b, s)h(s)ds > 0. Now, let y1 be any fixed real

number. If we put

g(t) :=
y1 − R(b, a)y0∫ b

a
R(b, s)h(s)ds

∫ t

a

h(σ)dσ,

using the definition of above function G, we obtain that

G(g) = y1.

�

Remark 4.1 The final part of the proof of above Theorem 4.1 is valid for
each continuous function h such that

∫ b

a
R(b, s)h(s)ds 
= 0.

Remark 4.2 Let us suppose that
∫ b

a
R(b, s)h(s)ds 
= 0, where h is a con-

tinuous function. The operator Γ : R −→ AC[a, b] defined by

Γ(r)(t) :=
r − R(b, a)y0∫ b

a
R(b, s)h(s)ds

∫ t

a

h(σ)dσ

is a right inverse of the operator G, i.e., G ◦ Γ = I.

5 Controllability of Nonlinear Problem

Before proving the controllability of the nonlinear system (1), we shall prove
the controllability of the following semilinear system{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)x(s)ds + λ

∫ t

a
K(t, s)f(x(s))ds,

x(a) = x0,

(4)

where the function f : R −→ R is globally Lipschitz, with Lipschitz constant
L ≥ 0. To that end, we shall find a particular integral equation, under the
following assumption.
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Assumption 5.1 The function K is defined on the rectangle [a, b] × [a, b]
instead of the triangle T , in other words, we consider a function

1. K : [a, b] × [a, b] −→ R, such that

2. K : [a, b] × [a, b] −→ R is continuous and

3. there exists the partial derivative in the first variable ∂K
∂t

, which is
continuous on the rectangle [a, b] × [a, b].

Remark 5.1 The function K in the above Assumption 5.1, restricted to
the triangle T , belong to Banach space H which was defined at the beginning
in section 3.

Theorem 5.1 There exists ρ > 0 such that for any λ with |λ| ≤ ρ and
g ∈ AC[a, b], the problem (4) admits only one solution xg ∈ AC[a, b], which
simultaneously is a solution for the integral equation

xg(t) = R(t, a)x0 +

∫ t

a

R(t, s)g′(s)ds

+ λ

∫ t

a

R(t, s)K(s, s)f(xg(s))ds + λ

∫ t

a

∫ s

a

R(t, s)
∂K

∂t
(s, σ)f(xg(σ))dσds.

Proof. The existence of xg and ρ is a straightforward consequence of
Theorem 2.2. Now, in order to prove the above formula, let us define the
function hg : [a, b] −→ R by

hg(t) = g(t) + λ

∫ t

a

K(t, σ)f(xg(σ))dσ = g(t) + λ
(
F ◦ xg

)
(t),

where |λ| < ρ and F is the function which was given in the Definition 2.2.
Note that hg ∈ AC[a, b].

Observe that the function xg is also solution of the following linear initial
value problem{

y(t) − y(a) = hg(t) − hg(a) + λ
∫ t

a
K(t, s)y(s)ds,

y(a) = x0 ∈ R.

Hence, using Theorem 3.3, we have that xg can be represented as follows

xg(t) = R(t, a)x0 +

∫ t

a

R(t, s)h′
g(s)ds,

i.e.,

xg(t) = R(t, a)x0 +

∫ t

a

R(t, s)g′(s)ds
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+ λ

∫ t

a

R(t, s)
d

ds

[∫ s

a

K(s, σ)f(xg(σ))dσ

]
ds .

On the other hand, we can prove that

d

ds

[∫ s

a

K(s, σ)f(xg(σ))dσ

]

= K(s, s)f(xg(s)) +

∫ s

a

∂K

∂t
(s, σ)f(xg(σ))dσ.

Therefore,

xg(t) = R(t, a)x0 +

∫ t

a

R(t, s)g′(s)ds

+ λ

∫ t

a

R(t, s)K(s, s)f(xg(s))ds

+ λ

∫ t

a

[∫ s

a

R(t, s)
∂K

∂t
(s, σ)f(xg(σ))dσ

]
ds.

�

We continue this section with a pair of definitions, and then we prove a
set technical propositions, which we shall use in order to verify that the above
semilinear problem (4) is controllable.

Definition 5.1 We define the controller map Gf : AC[a, b] −→ R for
the system (4) by

Gf (g) = R(b, a)x0 +

∫ b

a

R(b, s)g′(s)ds

+ λ

∫ b

a

R(b, s)K(s, s)f(xg(s))ds + λ

∫ b

a

[∫ s

a

R(b, s)
∂K

∂t
(s, σ)f(xg(σ))dσ

]
ds

= G(g) + H(g) ,
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where H(g) : AC[a, b] −→ R is given by

H(g) = λ

∫ b

a

R(b, s)K(s, s)f(xg(s))ds + λ

∫ b

a

[∫ s

a

R(b, s)
∂K

∂t
(s, σ)f(xg(σ))dσ

]
ds

and G is the controller in the Definition 4.2, but putting x0 instead of y0 in
the second member of the definition of the function G.

Now, let us give the definition of controllability for the nonlinear system
(4).

Definition 5.2 We say that the system (4) is exactly controllable on
the interval [a, b], if for each pair of real numbers x0 and x1 there exist a
function g ∈ AC[a, b] and a solution xg ∈ AC[a, b] of the system (4), which
can depend on g, such that xg(a) = x0 and xg(b) = x1.

Proposition 5.1 The system (4) is exactly controllable on [a, b] if, and
only if, Rang(Gf) = R.

Proposition 5.2 There exists a constant C > 0 such that

|H(u) − H(v)| ≤ |λ| C ‖xu − xv‖ ,

for all pairs of functions u and v belonging to AC[a, b].

Proof. Observe that

∣∣∣∣∣
∫ b

a

R(b, s)K(s, s)
[
f(xu(s)) − f(xv(s))

]
ds

∣∣∣∣∣
≤ max

s∈[a,b]

{ ∣∣R(b, s)
∣∣ · ∣∣K(s, s)

∣∣ } ·
∫ b

a

∣∣ f(xu(s)) − f(xv(s))
∣∣ds

≤ max
s∈[a,b]

{ ∣∣R(b, s)
∣∣ · ∣∣K(s, s)

∣∣ } · L ·
∫ b

a

∣∣ xu(s) − xv(s)
∣∣ds

≤ L · (b − a) · max
s∈[a,b]

{ ∣∣R(b, s)
∣∣ · ∣∣K(s, s)

∣∣ } · max
s∈[a,b]

∣∣ xu(s) − xv(s)
∣∣

≤ L · (b − a) · max
s∈[a,b]

{ ∣∣R(b, s)
∣∣ · ∣∣K(s, s)

∣∣ } · ∥∥ xu − xv

∥∥.
In the same way we can verify that
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∣∣∣∣∣
∫ b

a

[∫ s

a

R(b, s)
∂K

∂t
(s, σ)

[
f(xu(σ)) − f(xv(σ))

]
dσ

]
ds

∣∣∣∣∣
≤ L · (b − a)2 · max

s∈[a,b]

∣∣R(b, s)
∣∣ · max

(s,σ)∈R

∣∣∣∣∂K

∂t
(s, σ)

∣∣∣∣ · ∥∥ xu − xv

∥∥ .

From the last two inequalities we have that there exists a constant C > 0
such that ∣∣ H(u) − H(v)

∣∣ ≤ |λ| · C · ∥∥ xu − xv

∥∥.
�

Proposition 5.3 Let us fix any two functions u, v ∈ AC[a, b]. If we define
the function

t 	→
∫ t

a

K(t, s)
[

f(xu(s)) − f(xv(s))
]
ds ,

then there is a constant C > 0 such that∥∥∥∥∥
∫ t

a

K(t, s)
[

f(xu(s)) − f(xv(s))
]
ds

∥∥∥∥∥ ≤ C
∥∥ xu − xv

∥∥ .

Proof. Observe that given any partition
{

a = t0 < t1 < · · · < tn = b
}

of interval [a, b], we have that

n∑
i=1

∣∣∣∣∣
∫ ti

a

K(ti, s)
[
f(xu(s)) − f(xv(s))

] −
∫ ti−1

a

K(ti−1, s)
[
f(xu(s)) − f(xv(s))

]
ds

∣∣∣∣∣
≤

n∑
i=1

∣∣∣∣∣
∫ ti−1

a

[
K(ti, s) − K(ti−1, s)

][
f(xu(s)) − f(xv(s))

]
ds

∣∣∣∣∣
+

n∑
i=1

∣∣∣∣∣
∫ ti

ti−1

K(ti, s)
[
f(xu(s)) − f(xv(s))

]
ds

∣∣∣∣∣
≤

n∑
i=1

∫ ti−1

a

∣∣K(ti, s) − K(ti−1, s)
∣∣ · ∣∣f(xu(s)) − f(xv(s))

∣∣ ds
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+
n∑

i=1

∫ ti

ti−1

∣∣K(ti, s)
∣∣ · ∣∣f(xu(s)) − f(xv(s))

∣∣ ds

≤
n∑

i=1

∫ ti−1

a

(
ti − ti−1

)
L̃
∣∣xu(s) − xv(s)

∣∣ ds

+
n∑

i=1

L max
(t,s)∈T

∣∣K(t, s)
∣∣ · max

s∈[a,b]

∣∣xu(s) − xv(s)
∣∣ ∫ ti

ti−1

ds

≤ L̃ max
s∈[a,b]

∣∣xu(s) − xv(s)
∣∣ n∑

i=1

∫ b

a

(
ti − ti−1

)
ds

+ L max
(t,s)∈T

∣∣K(t, s)
∣∣ · max

s∈[a,b]

∣∣xu(s) − xv(s)
∣∣ n∑

i=1

∫ ti

ti−1

ds

= L̃ max
s∈[a,b]

∣∣xu(s) − xv(s)
∣∣(b − a)

n∑
i=1

(
ti − ti−1

)

+ L max
(t,s)∈T

∣∣K(t, s)
∣∣ · max

s∈[a,b]

∣∣xu(s) − xv(s)
∣∣ (b − a)

≤ L̂
[

(b − a)2 + (b − a) max
(t,s)∈T

∣∣K(t, s)
∣∣ ]∥∥xu − xv

∥∥ .

�

Proposition 5.4 There exists a constant C > 0 such that, if |λ| < 1
C
,

then ∥∥xu − xv

∥∥ ≤ 2

1 − |λ|C
∥∥u − v

∥∥ ,

for each pairs of functions u, v ∈ AC[a, b].

Proof. Since xu and xv denote the solutions for the system (4) for u and
v respectively, we have that

xu(t) − xv(t) =
(
u(t) − v(t)

)
+
(
v(a) − u(a)

)
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+ λ

∫ t

a

K(t, s)
[
xu(s) − xv(s)

]
ds

+ λ

∫ t

a

K(t, s)
[
f(xu(s)) − f(xv(s))

]
ds.

If we use twice the Proposition 5.3, then∥∥xu − xv

∥∥ ≤ ∥∥u − v
∥∥ +

∥∥u(a) − v(a)
∥∥

+ |λ|
[ ∥∥∥∥∥

∫ t

a

K(t, s)
[
xu(s) − xv(s)

]
ds

∥∥∥∥∥ +

∥∥∥∥∥
∫ t

a

K(t, s)
[
f(xu(s)) − f(xv(s))

]
ds

∥∥∥∥∥
]

≤ 2
∥∥u − v

∥∥ + |λ|(C + C̃
)∥∥ xu − xv

∥∥ .

Therefore (
1 − |λ|(C + C̃

))∥∥xu − xv

∥∥ ≤ 2
∥∥u − v

∥∥ .

�

Proposition 5.5 There exists a constant C > 0 such that

|H(u) − H(v)| ≤ |λ| C ‖u − v‖

for each pair of functions u, v ∈ AC[a, b].

Proof. This is a consequence of the Propositions 5.2 and 5.4.

�

Let us consider a further result before we can prove the controllability of
system (4).

Theorem 5.2 If S : R −→ R a Lipschitz function with a Lipschitz
constant κ < 1, then the function G(r) := r + S(r) is a homeomorphisms
whose inverse is a Lipschitz function with a Lipschitz constant (1 − κ)−1.

Now we have found all the necessaries elements in order to reach one of
the goals of this paper, which is proving the exact controllability of the system
(4).
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Theorem 5.3 There exists a real number ρ > 0 such that, if |λ| ≤ ρ, then
the system (4) is exactly controllable on [a, b].

Proof. From Proposition 5.1 it is enough to prove that Rang(Gf) = R. To
that end, we consider the operator G : R → R, which is defined by G := Gf ◦Γ,
where Γ is given by

Γ(r)(t) :=
r − R(a, b)x0∫ b

a
R(b, s)h(s)ds

∫ t

a

h(s)ds.

From the Remark 4.2 is obtained that G ◦ Γ = I(r) = r. Then, G(r) =
r + S(r), where S := H ◦ Γ. Moreover, due to the Proposition 5.5 and Γ
definition, we can assure that∣∣ S(r) − S(r̃)

∣∣ ≤ |λ| · C · Λ·∣∣r − r̃
∣∣,

where Λ := 1� b
a

R(b,s)h(s)ds

∥∥∥ ∫ t

a
h(s)ds

∥∥∥ .

If the real number λ is small enough, then S is a Lipschitz function with a
Lipschitz constant κ < 1. Then, by the Theorem 5.2, the function G : R −→ R

is a homeomorphisms. Hence we obtain that the function G is surjective , which
implies that Rang(Gf) = R. Therefore, the system (4) is exactly controllable
on the interval [a, b].

�

From the proof of the above Theorem 5.3, we obtain the following proposi-
tion.

Proposition 5.6 Let I : R −→ R be the identity function I(r) := r. The

operator Γ̂ : R −→ AC[a, b] defined by Γ̂(r) =
(
Γ ◦ ( I + S )−1

)
(r) is

a right inverse of the nonlinear operator Gf , i.e. , Gf ◦ Γ̂ = I. Moreover, a
control g ∈ AC[a, b] steering the system (4) from an initial state x0 to a final
state x1 on [a, b] is given by

g(t) = Γ̂( x1 )(t) =
(
Γ ◦ ( I + S

)−1
)(

x1

)
(t) .

Before to prove the controllability of the system (1), let us consider one
more definition.

Definition 5.3 We say that the system (1) is exactly controllable on
the interval [a, b], if for each pair of real numbers x0 and x1 there exists
a function g ∈ AC[a, b] and a solution x ∈ AC[a, b] of the system (1), which
can depend on g, such that x(a) = x0 and x(b) = x1.

Now we are ready to prove the exact controllability of the nonlinear system
(1).
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Theorem 5.4 There exists a real number ρ > 0 such that if |λ| ≤ ρ, then
the system (1) is exactly controllable on the interval [a, b].

Proof. Putting f(x) = x +
(

f(x) − x
)

= x + f̂(x), we obtain that

f̂ := f(x) − x has the same properties as f . Therefore, the system (1) can be
written as follows{

x(t) − x(a) = g(t) − g(a) + λ
∫ t

a
K(t, s)x(s)ds + λ

∫ t

a
K(t, s)f̂(x(s))ds,

x(a) = x0.

(5)

Then, applying Theorem 5.3 to this system, we obtain the result which we
were looking for.

�

6 Conclusion

In this paper we have studied the nonlinear Hammerstein-Volterra equation

x(t) − x(a) = g(t) − g(a) + λ

∫ t

a

K(t, s)f(x(s))ds,

with the initial condition x(a) = x0 in R and the control function g in the
space of the absolutely continuous functions endowed with the bounded variation
norm. In this study we have proved that the above equation admits only one
solution for each pair (x0, g), there exists a formula for the solutions of the
corresponding linear problem and such equation is exactly controllable under
specified conditions.

As a future work, we aimed to study similar integral equations in the space
absolutely continuous functions, taking values in a general Banach space, en-
dowed with a sort of bounded variation norm. Also we will try to extend this
work to functions spaces, with different bounded variation norms, in one or
more variables.
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