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Abstract. Fixed point theorems for various cyclic contractions are proved
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theorems.
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1. Introduction

In 2003 Kirk et al.[2] introduced cyclic contractions in metric spaces and
investigated the existence of proximity points and fixed points for cyclic con-
traction mappings. Since then many results appeared in this field. (see
3],[4],16],[7],[8],[9],[10]). In 2009, Sankar Raj and Veeramani [11] proved ex-
isitence of best proximity points for relatively non expansive maps. Later,
Karapinar et al.[4] proved the existence of fixed points for various types of
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cyclic contractions in metric space. The purpose of this paper is to prove fixed
point results for various cyclic contractions in dislocated metric spaces which
generalises many known results.

2. Preliminaries

Definition 2.1 Let X be a non-empty set. The distance functiond : X x X —
[0, 00) is a metric, if it satisfies the following:

(1) d(z,z) =0
(2) d(z,y) >0

() d(z,y)=0=z=y

(4) d(z,y) = d(y, z)

(5) d(x,y) < d(z, 2) + d(z,y)

If d satisfies (2) to (5) above, then d is called a dislocated metric and (X, d)
is a dislocated metric space(d-metric space). Clearly every metric space is a
dislocated metric space but the converse is not necessarily true. (see [5])

Definition 2.2[5] A sequence {z,} in a d-metric space is a cauchy sequence if
for all € > 0, there exists Ny such that for all m,n > Ny, d(x,,, x,) < €

Definition 2.3[5] A sequence {x,} in a d-metric d-converges to x € X if for
€ > 0, there exists Ny such that for all n > Ny, lim,_od(x,,x) < €

Definition 2.4[5] The d-metric space (X, d) is d-complete if every cauchy se-
quence in it is d-convergent.

Definition 2.5 [7] Let A and B be non empty subsets of a metric space (X, d)
and T : A|UB — AU B. T is called a cyclic map iff T'(A) € B and T'(B) € A.

Definition 2.6[7] Let A and B be non-empty subsets of a metric space (X, d).
A cyclic map T : A|JB — Al B is said to be a cyclic contraction if there
exists k € (0, 1) such that d(Tx,Ty) < k(d(x,y)) for all z € A and y € B.

Definition 2.7[4] Let A and B be non empty closed subsets of a metric space
(X,d). A cyclic mapping T : A|JB — AlJB is called a Kannan type cyclic
contraction if there exist k£ € (0,1/2) such that d(Tx,Ty) < kld(Tz,x) +
d(Ty,y)] for all x € A and y € B.
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In Karapinar et al [4], it has been shown that Kannan type cyclic contraction
and cyclic contraction are independent of each other.

Definition 2.8[4] Let A and B be non empty closed subsets of a metric space
(X,d). A cyclic mapping T : A|JB — A|JB is called a Chatterjee type
cyclic contraction if there exist k& € (0, 1/2) such that d(Tz, Ty) < k[d(Tz,y)+
d(Ty,z)| for all x € A and y € B.

Definition 2.9[4] Let A and B be non empty closed subsets of a metric space

(X,d). A cyclic mapping T': A|JB — A|J B is called a Ciric type cyclic con-

traction if there exist k € (0, 1) such that d(Tz, Ty) < kMaz{d(z,y),d(Tz,z),d(Ty,y)}
forall z € A and y € B.

3. MAIN RESULTS:

Definition 3.1 Let A and B be non empty closed subsets of a dislocated
metric space (X, d). We say that, a cyclic mapping T : A|JB — A|JB is a
d-cyclic contraction if there exist k € (0,1/2) such that d(Tz, Ty) < kd(z,y)
forall z € A and y € B.

Example 3.2 Let X = R, d(z,y) = |z —y | +4| z | + 4| y |- Then (X,d) is a
dislocated metric space but not a metric space. Let A = B = [0, 1] and define
T:AUB — AJB by

1/4,x =1
Tr = /4@
1L,z €[0,1)
We see that T is a d-cyclic contraction in the d-metric space. However for

r = % and y = 1, the cyclic contraction condition fails in usual metric space.

Theorem 3.3 Let (X, d) be a d-metric space, A and B be non empty closed
subsets of X and T': A|JB — AlJ B be a d-cyclic contraction in X. Then T’
has a unique fixed point in A B.

Proof. Fix © € A. By definition 3.1, there exist £ € (0,1/2) such that
d(T?z,Tx) < kd(Tz,x). Inductively, we have,

d(T" 1z, Trx) < k"d(Tx, )
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More generally, for m > n , we have

d(T™x, Trz) < d(T™"x, T 'z) + d(T™ ‘e + T™22) + ........ d(T™ ez, Trx)

<™ 4 EmT 4 E"d(Tx,x)

<E14+k+k+E+ ... + k™ Nd(Tx, )

Since k € (0,1/2), as m — oo and n — oo, we have

"1+ k+ k2 + K+ ... + k™) — 0 = d(T™z, T"z) — 0. Hence
< T"x > is a cauchy sequence. Since (X,d) is complete, we have, < T"zx >
converges to some z € X. Note that < T?"x > is a sequence in A, < T?" 1z >
is a sequence in B and so z € A B.

We claim Tz = z. We have

d(Tz,2) = d(Tz,lim, .. T*x)

< kd(z, limy, o T*" ')

<kd(z,z) <kldTz z)+d(z,Tz)| = 2kd(Tz, z)

ie. (1—=2k)d(Tz,2) <0=d(Tzz2) =0

= Tz = z. Thus z is a fixed point of T

To show the uniqueness, let us assume that there exist two fixed points say
u and v such that Tu = v and Tv = v.

Now, d(Tu,Tv) < kd(u,v)
ie.,d(u,v) < kd(u,v)
(1 —k)d(u,v) <0

Since k € (0,1/2), we have d(u,v) = 0 = u=v.

Definition 3.4 Let A and B be non empty closed subsets of a dislocated
metric space (X,d). We say that, a cyclic mapping 7 : A|JB — AJB is a
Kannan type d-cyclic contraction if there exist k € (0,1/3) such that
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d(Tx,Ty) < k[d(Tz,z) + d(Ty,y)] for all x € A and y € B.

Example 3.5 Let X = R, d(z,y) = |z —y | +4|z |+ 4|y |, A =[-1,0]
and B = [0,1]. Define T': A|JB — A|JB by Tw = 5*. T is a Kannan type
d-cyclic contraction in the d-metric (X, d). However, T is not a Kannan type
cyclic contraction in usual metric space.

Theorem 3.6 Let (X, d) be a d-metric space, A and B be non empty closed

subsets of X and T': A|JB — A|J B be a Kannan type d-cyclic contraction
in X. Then T has a unique fixed point in A B.

Proof. Fix € A. By definition 3.4, there exist k € (0,1/3) such that

d(T?z, Tx) < k[d(T?*x,Tz) + d(Tx, )]

= (1 — k)d(T?x,Tz) < k[d(Tz,z)]

d(T?z,Tx) < £ [d(Tx, )] = t{d(Tx, z)], where t = £ € (0,1/2).

Inductively, we have,

d(T" 'z, Thx) < t"d(Tx, ).

Hence proceeding as in Theorem 3.3, we see that < T"x > is a Cauchy
sequence in X. Since (X, d) is complete, we have, < T™z > converges to some
2z € X. Note that < T?"x > is a sequence in A, < T?""'z > is a sequence in
B and so z € A B.

We claim Tz = z.

Now, d(Tz,T*"z) < k[d(Tz,z) + d(T*"z), T**'x)]. Hence as n — co we
have

d(Tz, z) < kld(Tz,z)+d(z, z)]

< kld(Tz,2) +d(z,Tz) +d(Tz, z)]

< 3kd(Tz, 2)

ie. (1-3k)d(Tz,2) <0=d(Tz2)=0=Tz=z Thus z is a fixed point.

To show the uniqueness, let us assume that there exists two fixed points say
u and v such that Tu = v and Tv = v.
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Now, d(Tu,Tv) < k[d(Tu,u) + d(Tv,v)]

= d(u,v) < kl[d(u, u) + d(v,v)]....... (1)
d(Tu,Tu) < k[d(Tu,u) + d(Tu,u)]

= d(u,u) < k[d(u,u) + d(u, u)]

= (1 —2k)d(u,u) <0.

Since k € (0,1/3), we have d(u, u) = 0. Similarly we can show that d(v,v) =
0. Thus (1) becomes, d(u,v) < 0= u = v. O

Definition 3.7 Let A and B be non empty closed subsets of a dislocated
metric space (X,d). We say that a cyclic mapping T : A|JB — AUB is
a Chatterjee type d-cyclic contraction if there exist k& € (0,1/3) such that
d(Tz,Ty) < kld(Tz,y) + d(Ty,x)] for all x € A and y € B.

Theorem 3.8 Let (X, d) be a d-metric space, A and B be non empty closed

subsets of X and 7" : A|J B — A|J B be a Chatterjee type d-cyclic contraction
in X. Then T has a unique fixed point in A B.

Proof. Fix z € A. By definition 3.7, there exist k € (0,1/3) such that

d(T?%z, Tx) < k[d(T?x,x) + d(Tz, Tx)]

= (1 — k)d(T?z,Tx) < k[d(Tx,z) + d(x, Tx)]

= d(T%z,Tz) < 22 [d(Tz, x)] = t{[d(Tx, )], where t = 2= € (0,1).

Inductively, we have,

d(T" ez, Trx) < t"d(Tx, ).

Hence proceeding as in Theorem 3.3, we see that < T"x > is a Cauchy
sequence in X. As (X,d) is complete, we have, < T™x > converges to some

z € X. Note that < T?"x > is a sequence in A, < T?"" 1z > is a sequence in
B and so z € A B.

We claim Tz = z.

By definition 3.7,
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d(Tz,T?"z)) < k[d(Tz, T*" 'z + d(T*"z, z)]. Hence as n — oo we have
d(Tz,z) < kld(Tz,z)+d(z, z)]

< kld(Tz,2)+d(z,Tz) +d(Tz, z)]

— 3kd(Tz, 2)

ie. (1—=3k)d(Tz,2) <0=d(Tz2)=0= Tz =z Thus z is a fixed point
of T

To show the uniqueness, let us assume that there exists two fixed points say
u and v such that Tu = v and Tv = v.

Now, d(Tu,Tv) < k[d(Tu,v) + d(Tv,u)]

e, d(u,v) < kld(u,v) + d(v, u)]

= d(u,v) < 2k[d(u,v)]

= (1 —2k)d(u,v) <0

Since k € (0,1/3), we have d(u,v) =0 = u=wv. O
Definition 3.9 Let A and B be non empty closed subsets of a dislocated metric
space (X, d). We say that a cyclic mapping T : A|J B — A|J B is a Ciric type
d-cyclic contraction if there exist k& € (0,1/2) such that

d(Tz, Ty) < kMaz{d(z,y),d(Tx,z),d(Ty,y)} for all x € A and y € B.

Theorem 8.10 Let (X, d) be a d-metric space, A and B be non empty closed
subsets of X and T': A|JB — AlJ B be a Ciric type d-cyclic contraction in
X. Then T has a unique fixed point in A B.
Proof. Fix x € A. If T"x = T"* 'z for some n, then 7"z = T""2x and thus
< T"x > converges to some z € X. Suppose T"z # T"'z. By definition 3.9,
there exist k € (0,1/2) such that

d(T?%z,Tz) < kMax{d(T?z,Tz),d(Tz,x),d(Tx,z)}

= d(T%z,Tz) < kMax{d(T?x,Tx),d(Tx, )}

i.e., d(T?z,Tx) < k[d(Tx, )] (Since T?z # Tx). Inductively, we have,
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d(T" 'z, T"x) < k"[d(Tz, x).

Hence proceeding as in Theorem 3.3, we see that < T"x > is a Cauchy
sequence in X. As (X,d) is complete, we have, < T™x > converges to some
2z € X. Note that < T?"x > is a sequence in A, < T?" "'z > is a sequence in
B andsoze€ ANB

We claim Tz = z

d(Tz,T*z)) < kMaz{d(z, T*" '),d(Tz, z),d(T*"x, T*1x)}.

Hence as n — oo we have

d(Tz,z) < kMaz{d(z,z),d(Tz z2),d(z,2)}

< kd(Tz,z) or kd(z, 2)

< kd(Tz,z) or 2kd(Tz, z)

= (1—k)d(Tz,z) <0or (1 —2k)d(Tz,2) <0=d(Tzz2) =0

= Tz = z. Thus z is a fixed point.

To show the uniqueness, let us assume that there exists two fixed points say
u and v such that Tu = v and Tv = v.

Now, d(Tu,Tv) < kMax{d(Tu,u),d(Tv,v),d(u,v)}
ie., d(u,v) < kMazx{d(u,u),d(v,v),d(u,v)}

= d(u,v) < kd(u,u) or kd(v,v) or kd(u,v)

= d(u,v) < 2kd(u,v) or kd(u,v)

= (1 —2k)d(u,v) <0or (1 —2k)d(u,v) <0.

Since k € (0,1/2), we have d(u,v) =0

= U ="0.
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